
Decision Problems

The theory of NP-completeness deals only with

decision problems. Why? Because if a deci-

sion problem is hard, then the corresponding

optimization problem must be hard too. For

example, consider the following variants of the

travelling salesperson problem.

TSP

Instance: A complete graph G with

non-negative edge costs, and an inte-

ger B.

Question: Does G have a Hamilto-

nian cycle of cost at most B?
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TSP-OPT

Instance: A complete graph G with

non-negative costs on the edges.

Output: A minimum-cost Hamilto-

nian cycle.

TSP is known to be NP-complete. Therefore,

TSP-OPT is NP-hard, since if TSP-OPT can

be solved in polynomial time, then TSP can

also be solved in polynomial time using the

obvious algorithm:

1. Find the min-cost Hamiltonian cycle.

2. Evaluate its cost.

3. See if the cost is ≤ B.
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Approximability

Some optimization problems (like TSP-OPT)

are minimization problems, and some are max-

imization problems. We will deal only with

minimization problems in this class — the

other case is very similar.

An optimization problem is called ε-approximable

if there exists a polynomial time algorithm

that outputs a solution of cost C, when the

optimal cost is C∗, and C/C∗ ≤ ε.
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TSP with Triangle Inequality

For example, the travelling salesperson prob-

lem with the triangle inequality is 2-approximable.

This means that there is a polynomial time al-

gorithm that will find a Hamiltonian cycle that

is only twice as expensive as the best one.

The triangle inequality requires that for all

vertices u, v, w, c(u, w) ≤ c(u, v) + c(v, w). An

example of the travelling salesperson problem

with the triangle inequality is to take the ver-

tices to be dots on a page, and the cost to

be Euclidean distance.
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First of all, is TSP with the triangle inequality

still NP-hard? It looks easier than TSP on

general graphs, but that can be deceiving.

Proof: We will reduce TSP-OPT to TSP

with the triangle inequality.

Let G be a complete graph with n vertices,

and edge cost c(e) for all e = (u, v) ∈ V × V .

Define N =
∑

e∈E c(e). Replace each edge of

cost c with a new edge of cost c + N .

Firstly, we claim that the triangle inequality

holds for the new graph. For all vertices u, v, w

c(u, w) < 2N (since c < N)

c(u, v) + c(v, w) ≥ 2N.

Hence, c(u, w) ≤ c(u, v) + c(v, w) and the tri-

angle inequality is enforced.
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Secondly, we claim that the min-cost Hamil-

tonian cycle is the same in both graphs. This

reduction adds nN to the cost of each Hamil-

tonian cycle, and therefore preserves the rela-

tive cost of all tours. Therefore the cheapest

Hamiltonian cycle in the original graph is the

cheapest Hamiltonian cycle in the new graph.

Therefore TSP-OPT is reducible in polyno-

mial time to TSP with the triangle inequality.

Since TSP-OPT is NP-hard, this implies that

TSP with the triangle inequality is also NP-

hard.
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The travelling salesperson problem with the

triangle inequality is 2-approximable.

Proof: The approximation algorithm proceeds

as follows. Suppose we are given a graph

G = (V, E).

1. Construct a min-cost spanning tree T for

G.

2. Select any vertex as the root r.

3. List the vertices of T in preorder, starting

at the root r.

The preorder list is clearly a Hamiltonian cycle

of G. Our algorithm runs in polynomial time

since a min-cost spanning tree can be found

by Prim’s algorithm in time O(n2 logn), and a

preorder list of vertices can be found in time

O(n).
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Let c(C) be the cost of the optimal Hamil-

tonian cycle C, and c(T) be the cost of our

min-cost spanning tree, T .

Since deleting an edge from a Hamiltonian

cycle results in a spanning tree S for G, c(T) ≤
c(S) ≤ c(C).

We claim that the Hamiltonian cycle output

by our algorithm has cost at most 2c(T), which

by the previous sentence is at most 2c(C),

that is, twice the cost of the optimum tour.

This follows because the preorder traversal of

T uses each edge twice and hence has cost

2c(T), whereas the tour defined by the pre-

order list of vertices must, by the triangle in-

equality, have smaller cost
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The same, unfortunately, is not true of TSP

in general. For all ε ≥ 1, TSP is not ε-

approximable unless P=NP.

Proof: Suppose P �= NP . We will use the

fact that the Hamiltonian cycle problem (given

a graph, does it have a Hamiltonian cycle) is

NP-complete.

For a contradiction, suppose that TSP is ε-

approximable. We will show that this implies

P = NP by constructing a polynomial time

algorithm for the Hamiltonian cycle problem.

Given a graph G = (V, E), construct a com-

plete graph G′ = (V, E′), where E′ = V × V ,

where for all u, v ∈ V ,

c(u, v) =

{
1 if (u, v) ∈ E
εn + 1 otherwise.
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If G has a Hamiltonian cycle, then G′ has a

TSP tour of cost n. Conversely, if G has no

Hamiltonian cycle, then all Hamiltonian cycles

in G′ must use at least one edge of cost εn+1,

and hence must cost at least

(εn + 1) + (n − 1) = εn + n > εn.

Run the polynomial time ε-approximation al-

gorithm for TSP on input G′. If it returns a

cost of at most εn, then G has a Hamiltonian

cycle. If it returns a cost greater than εn, then

G does not have a Hamiltonian cycle.
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