
Solutions to some problems

CSCE 5150

Longest Path in a DAG Let G = (V, E) be a DAG and let E →
R+ be a weight function on the edges. We want to compute a path with
maximum weight. You can solve this problem by obtaining ordered partitions
as explained in class. But you can also solve it by performing the original
topological ordering on vertices.

Let x1, x2, ..., xn be a topological ordering of vertices, so if xjxi ∈ E,
then j < i. Let N(i) denote the largest weight of any path terminating
at i, i = 1, 2, ..., n. So we need to compute max1≤i≤n{N(i)}. Note that
N(1) = 0. Next note that for i = 2, 3, ..., n

N(i) = max
j<i,ji∈E

{N(j) + w(ji)}.

Now using the above recurrence one can compute N(i) in O(deg(xi)),
provided that N(j) is already computed and stored for all j < i. The overall
time complexity is therefore O(|V | + |E|). 2

Counting the number of Shortest Paths. Let G = (V, E) be an
undirected graph, and let s ∈ V . We want to count the number of shortest
(unweighted paths) from s to any x 6= s. Let N(x) denote the number of
shortest paths between s and x. Set N(s) = 1. Next, perform a BFS from s,
and let L0, L1, ..., Lk denote the layers. Note that for any x ∈ Li, i ≥ 1, we
have

N(x) =
∑

y∈Li−1,yx∈E

N(y).

Our algorithm performs a BFS and identifies layers and vertices in them
in O(|V | + |E|) time, and then uses the above recurrence to compute N(x)
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layer by layer, and store them, starting at L1, then L2, etc. the overall time
complexity is O(|V | + |E). 2

Maximum Independent set in a tree. For any vertex x of a tree T ,
let Tx denote the subtree rooted at x. Let w(x) be the weight of x. Denote
by w1(Tx) the optimal value for Tx, considering only those independent sets
which contain x. Also denote by w2(Tx), the optimal value for Tx, considering
only those independent sets which do not contain x. If w(Tx), is the optimal
value for Tx, then

w(Tx) = max{w1(Tx), w
2(Tx).}

Let Cx denote the set of children of x, for a vertex x. Then

w1(Tx) = w(x) +
∑

y∈Cx

w2(Ty)

and
w2(Tx) =

∑

y∈Cx

w(Ty)

Note that using these 2 recurrences a we can compute w(Tr) where r is
the root in O(n) time employing a post order traversal of T . 2

The Lecture Hall Assignment Problem. Let S = {a1, a2, ..., an}
be the set of all activities sorted with respect to start times. Let Ck, k =
1, 2..., n be the largest number of mutually non-compatible activities in Sk =
{a1, a2, ...ak} and let Hk be the optimal answer to Sk. So we need to find
Hn. Note that Hk ≥ Ck, k = 1, 2...n, and in particular, Hn ≥ Cn.

We will need the following Lemma.
Lemma Let Ĉk be the set of all activities in Sk which are not compatible

with ak. Then Ĉk is a set of mutually non-compatible activities.
Proof. All activities in Ĉk contain the start time sk of ak. 2.

We now describe the algorithm. Initially, we put a1 in room 1. Now for
k = 2, 3..., n we do the following. If Ck−1 = Ĉk, then pick a new room and
put ak in it. Otherwise, if Ĉk < Ck−1, then, pick a room that is used for
Sk−1 but is not used for Ĉk (note that such a hall exists), and put ak in this
hall. We claim that the number of rooms that the algorithm uses for Sk,
k = 1, 2..., n equals Ck, and equals Hk, since Hk ≥ Ck. The claim can be
proved by induction on k = 1, 2..., n. For the induction step assume that
Ck−1 = Hk−1, and observe that if Ck−1 = Ĉk, then Ck = Ck−1 + 1, and the
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number rooms used by the algorithm is Hk−1 +1 = Ck, and it follows that in
this case Hk = Hk−1 + 1 is the optimal number of halls. Now if Ĉk < Ck−1,
then Ck−1 = Ck, and the number of hall used by the algorithm is Hk−1 which
equals to Ck−1. So the number of hall in this case also equals to Ck and must
be equal to Hk. 2.

Bitonic TSP. Let P1, P2, ...Pn be the points so that x1 < x2... < xn,
where xi is the x-coordinate of Pi, 1 ≤ i ≤ n.

Note that for any optimal solution C, P2 must be adjacent to P1 on C.
For i = 1, 2, ...n, define Zi,j to be the cost of a shortest bitonic path from i,
going through all vertices to the right of Pi and ending at Pj, where xj > xi.
The motivation for defining Zi,j is that length of C equals to

minj>2{d(1, 2) + d(1, j) + Z2,j},

where d(i, j) denotes the distance between Pi and Pj .
Observe that for any i and j, 1 ≤ i ≤ n, j > i

Zi,j = d(i, i + 1) + Zi+1,j, j 6= i + 1

and
Zi,i+1 = mink>i+1{d(i, k) + Zi+1,k.}

We will compute Zi,j for i = n − 1, n − 2, ...2 in that order for all j > i.
(Note that Zn−1,n = d(n, n − 1). Observe that for each fixed i,and all values
of j it takes O(i) to computes Zi,j. So that time complexity is Θ(

∑n
i=1 i)

which is Θ(n2).
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Feasibility of Multi-flow Problem, CLR 26.2-6

Given, a network G with n sources s1, s2, ..., sn, and m sinks t1, t2, ..., tm,
is it is possible to generate pi units flow at si, and consume qj units of flow
at qj , where

∑n
i=1 pi =

∑m
j=1 qj?

Solution. Construct a new network Ĝ, by adding a super source S, and
super sink T to vertices of G. Now put an edge from S to si of capacity
pi, i = 1, 2, ..., n. Similarly, put an edge from tj to T of capacity qj, j =
1, 2, ..., m. Now prove that the answer to the feasibility problem in G is yes,
iff, there a maximum flow in Ĝ of value

∑n
i=1 pi.

Path Cover, CLR 26-2 Let G = (V, E) be a DAG, V = {1, 2, ..., n}.
We want to compute a minimum path cover.
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Solution. First we make the observation, that for any path cover P

|P | + |E(P )| = |V |,

where E(P ) is the set of edges in all paths in P . Thus, a minimum
cardinality path cover has the largest number of edges in it. Now construct
a bipartite graph G′ = (V ′, E ′), with V ′ = {x1, x2, ...xn} ∪ {y1, y2, ..., yn} so
that xiyj ∈ E ′ iff ij ∈ E.

Next, let P be a path cover in G, then E(P ) gives rise to a matching M

in G′, with |M | = |E(P )|. Conversely, any matching M , in G′ gives rise to a
path cover P in G with |E(P )| = |M |.

We conclude that in order to compute a min path cover in G, we only
need to compute a maximum matching in G′, and hence we can now follow
the hint in CLR.

4




