CSCE 3110 Data structures and Algorithms

Assignment 2

1. Show that the following equalities are correct:

    a) 8n^3+2n^2 = Theta (n^3)

f(n) = 8n^3+2n^2

g(n) = n^3

From definition, we know f(n) = Theta(g(n)) if and only if f(n) = O(g(n)) and 

f(n) = Omega(g(n)).
So, we need to show f(n)= O(g(n)) and f(n) = Omega(g(n))

f(n) = O(g(n)) : if there are positive constants c and no  such that f(n) <= c(g(n)) when n >= no
8n^3+2n^2 <= c(g(n))

when c = 9, no = 2,  for all n>=no 8n^3+2n^2 <= 9 (n^3)

Therefore, f(n) = O(g(n))
f(n) = Omega (g(n)) : if there are positive constants c and no such that f(n) >= c(g(n)) when n>=no
8n^3+2n^2 >= c(n^3)

when c = 8, no = 0, for all n>=no 8n^3+2n^2 >= 8(n^3)

Therefore, f(n) = Omega(g(n))

Therefore, 8n^3+2n^2 = Theta (n^3).

    b) n! = O (n^n)
f(n) = n! = n * (n-1) * (n-2) * …* 1

g(n) = n^n

f(n) = O(g(n)) : if there are positive constants c and no such that f(n) <= c(g(n)) when n >= no
n * (n-1) * (n-2) * ….* 1 <= c (n^n)

when c = 1, no  = 1, for all  n >= no n * (n-1) * (n-2) * ….. * 1 <= (n^n)
Therefore, n! = O (n^n).

     c) 2^n + n log n +5 = Theta (n^3)

f(n) = 2^n+nlogn+5 
g(n) = n^3
From definition, we know f(n) = Theta (g(n)) if and only if f(n) = O (g(n)) and 

f(n) = Omega (g(n)).

So, we need to show f(n) = O(g(n)) and f(n) = Omega (g(n))

f(n) = O (g(n)) : if there are positive constants c and no such that f(n) <= c (g(n)) when n >= no
2^n+nlogn+5 <= c (2^n)

when  c = 4, no = 1, for all n >= no   2^n+nlogn+5 <= 4 (2^n)
Therefore, f(n) = O (g(n)).

f(n) = Omega (g(n)) : if there are positive constants c and no such that f(n) >= c(g(n))

when n>=no
2^n+nlogn+5 >= c (2^n)

when c = 3, no =  1, for all n >= no  2^n+nlogn+5 >= 2^n

Therefore, f(n) = Omega (g(n)).
Therfore, 2^n+nlogn+5 = Theta (2^n).

    d) 5 n^3 + 4 n = Omega (n^2)
f(n) = 5n^3+4n

g(n) = n^2

f(n) = Omega (g(n)) : if there are positive constants c and no such that f(n) >= c (g(n)) 

when n >= no
5n^3+4n >= c (n^2)
when c =1, no = 0, for all n >= no 5n^3+4n >= (n^2)

Therefore, 5n^3+4n = Omega (n^2).

    e) 33 n^3+ 4 n^2 = Omega (n^3)

f(n) =  33n^3+4n^2

g(n) = n^3

f(n) = Omega (g(n)) : if there are positive constants c and no such that f(n) >= c (g(n)) 

when n>=no

33n^3+4n^2 >= c (n^3)

when c=1, no=0, for all n>=no  33n^3+4n^2 >= (n^3)
Therefore, 33n^3+4n^2 = Omega (n^3).

And show that the following are incorrect

 f) 10 n^3+ n log n + 9 = O (n^2)
We prove by contradiction. Suppose we find c and no so that when n>=no, we have 

10n^3+nlogn+9  < c n^2.

Now let n’ = max(no  , ceiling(c/10)), then we have

10n’^3+n’logn’+9 < c n’^2 ( 10n’^3+n’logn’+9-cn’^2<0 ( n’^2 (10 n’-c)+nlogn+9 < 0.
Because 10n’ – c >0, n’^2 (10 n’-c)+nlogn+9 < 0 is not possible.

Contradiction! So, we cannot find such c and no, 10n^3+nlogn+9 = O(n62) is incorrect.

   g) n^2 log n = Theta (n^2)
f(n) = n^2 logn

g(n) = n^2

From definition, we know f(n) = Theta (g(n)) if and only if f(n) O(g(n)) and f(n) = Omega (g(n))

So, both f(n) = O(g(n)) and f(n) = Theta (g(n)) must be correct in order to make

 f(n) = Theta (g(n))

f(n) = O g(n)) : if there are positive constants c and no such that f(n) <= c g(n)) when n>= no
n^2 logn <= c (n^2) // n^2 can be cancelled

logn <= c

Let n’ = max( no, 2^c), then we have log n’ >= c. Contradiction!

So we cannot find a constant c and no.

Therefore, n^2 logn = Theta (n^2) is incorrect.

2. (15 points) Order the following functions by their asymptotic growth rates. 

log(log n) ; 2^(log n) ; n^2 ; n! ; (log n)! ; (3/2)^n ; n^3; 

2^(2^n); n; n log n; sqrt(log n); log n

O(log(logn)) < O(sqrt(logn)) < O(logn) < O((logn)!) < O(n) < O(2^logn) < O(nlogn) < O(n^2) < O(n^3) < O((3/2)^n) < O(n!) < O(2^(2^n))
3. Given an array A of size N that contains all numbers from 1 to N with one missing, design and implement a linear algorithm that finds the missing number. Save the program in

a file called findNumber.cpp.

Run the program and simply follow the prompts. The program adds up the assumed value from 1 to N and subtracts the actual value that was input. The remaining sum is the number that is missing from the list.
4. Given an array A of sorted numbers from the standard input and a number p we would like to search, implement the binary search algorithm that returns the position of number p if it is in A, and returns -1 otherwise. Save the program as binarySearch.cpp. Analyze the cost of your algorithm in terms of big O (please give detail steps to show how you reach your conclusion).

The user is prompted to input a sort array of integers and is then prompted to enter an integer to search for.

The time complexity of the binary search algorithm in this program is O(log n).  In the worst case, there are three constant-time tests in the while loop and two assignments.  The while loop starts off with N-1 elements to work with, and the first assignment in the loop makes it (N-1)/2 in the worst case.  Continuing the worst-case-scenario the while loop continues to halve the array until the loop is working with -1 (when nothing can be done).  Therefore, because the algorithm takes constant time to cut down the problem by a fraction (in this case 1/2), it is O(log n).

5. Write a program to read from standard input two lists of sorted numbers into lists L1 and L2.  Write a procedure to compute (L1 union L2) without the duplicates using only the basic list operations. Save the program as union.cpp.

The user is prompted to input two sorted arrays of integers.  The program then outputs the union of those two arrays.
6. Write a program to read from the standard input two polynomials. Write a function to add two polynomials. Do not destroy the input.Use a linked list implementation. If the polynomials have M and N terms, respectively, what is the time complexity of your program. Save the program as pAddition.cpp

The user is prompted to input two polynomials of the nature "+4.9x^7".  That is, a sign (+ or -), a floating point number (e.g. 4.9 or 3.677), an x, a ^, and a floating point number for the exponent.  An input like "+4.5x^7-4.3x^3+2x^0" is acceptable.  The program outputs the summation of the two polynomials.

The time complexity is O(n).  The algorithm goes through each polynomial a fixed number of times (for writing and reading) and through the answer polynomial.  The amount of going through the polynomials does not depend on the length of either polynomial.  Therefore the growth rate is linear.
7 Write a program to read from standard input a list of numbers and store them in a single listed list. Write a nonrecursive function to reverse the singly linked list in O(N) time. Save the program as reverseList.cpp

The user is prompted to input a list of integers.  The program is able to non-recursively reverse the list in O(N) time assuming the implementation of the STL list used in the program is singly linked and stores the memory pointers to both the front element and back element of the list.  This makes accessing the front and back of the list take O(1) (constant) time.

