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Abstract—Cognitive radios share the whitespace in the
absence of licensed users. For spectrum sharing, avoiding the
interference among multiple secondary users is a fundamental
problem (known as dynamic spectrum allocation problem).
This paper proposes a factor graph based approach to solve
the dynamic spectrum allocation problem in an efficient
manner. With the proposed DWA-Tree (Distributed Wave
Algorithm), this problem can be solved with 2n number
of messages for tree structured graphs. This paper also
proposes another novel algorithm called DWA-Cycle to solve
the problem for general graphs with cycles. Simulation results
show that both DWA-Tree and DWA-Cycle can improve
the global link quality consistently better than naive local
optimization approaches.

I. INTRODUCTION

A. Cognitive Network

CN (Cognitive Network) is a network with a cognitive

process that perceives current network conditions, acts on

those conditions, and learns from the consequences of its

actions following end-to-end goals [1] that include:

• sensing environment,

• learning and cooperating,

• self-Organize and software-defined reconfigurability,

• flexibility and agility.

Mitola [2] generalized the idea of cognitive radios that

have the ability to sense the external environment and

simultaneously adjust their states (such as channel, or other

transmission parameters). For many years, FCC licensing

has yielded false scarcity of spectrum. The reformed of

FCCs policy gives unlicensed user more flexibility to share

the whitespace spectrum with existing licensed users. This

change creates a new challenge for dynamic spectrum

sharing among secondary users.

B. Factor Graph and Belief Propagation

A factor graph is a bipartite graph representing the fac-

torization of a function which enables efficient computation

of marginal distributions. Given a factorization:

g(X1, X2, ..., Xn) =

m
∏

j=1

Fj(Sj), (1)

in which Sj ⊆ X1, X2, ..., Xn, the corresponding factor
graph G = (X, F, E) consists of variable vertices X =

X1, X2, ..., Xn , factor vertices F = F1, F2, ..., Fn , and

edges E.

The edges depend on the factorization as follows: there

is an undirected edge between factor vertex Fj and variable

vertex Xk when Xk ∈ Sj . Figure 1 illustrates the factor

graph corresponding to the following function:

g(X1, X2, X3) = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3).
(2)

Fig. 1. A Factor Graph Corresponding to 2

The factor graph also belongs to Bayesian network

and satisfies the local Markov property that each variable

is conditionally independent with each other. If X =
X1, X2, ..., Xn is a set of discrete random variables with

a joint mass function p for a given DAG (directed acyclic

graph) G′ = (X, E), the marginal distribution P of a single

variable Xi is simply the summation of p over all other

variables as:

P (Xi) =
∑

p(X1, X2, ..., Xi−1, Xi+1, ..., Xn) (3)

This quickly becomes computationally prohibitive since for
100 binary variables needs to sum over 299 ≈ 6.338×1029

possible values.

By exploiting the factor graph, belief propagation allows

marginals to be computed much more efficient.

C. Motivation

First, the distances and power levels vary among nodes

which makes the interference levels differ from one trans-

mitter to another for any receiver. Second, local opti-

mization does not work for global optimization. Even if

the interference of any individual receiver is minimized,

the global interference is not. For these reasons, naive

approaches will not be effective in minimizing the global
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interference. If we assume that any transmitter has a

probability distribution on channel usage (e.g. using some

scheduling algorithms), the spectrum allocation for a single

user is based on the marginal distribution and the summa-

tion computation. A belief propagation method could solve

the DSA (dynamic spectrum allocation) problem efficiently

for a given network, and improve the global link quality.

D. Contributions

This paper has the following contributions. First, it

presents a factor graph based model, abstracting the dy-

namic spectrum allocation problem to a belief propagation

problem in the graph. Second, it proposes novel Distributed

Wave algorithm (DWA) to solve the problem with 2n
messages for tree structures and 2(n + c) messages for

general graphs with cycles, where n is the number of nodes

and c is the number of cycles. Simulation results show that

the proposed algorithms can consistently achieve higher

global link quality than the local optimization approach

with or without cycles.

E. Organization

The rest of the paper is organized as follows: the dynamic

spectrum allocation problem is described in Section III with

the related works in Section II. Section IV provides our

graphical model. Section V and VI present DWA algorithms

with simulation results. Section VII concludes the paper and

outlines future research directions.

II. RELATED WORK

Recently, there has been a significant amount of research

in the area of cognitive network and radios. The idea of

the cognitive network is first introduced by Mitola in [3].

A good discussion on cognitive radios is given in ([4]).

An information-theoretic approach on cognitive radios is

presented in [5]. These are some of the articles that provide

a fundamental background for our research.

An introduction of factor graphs and sum-product algo-

rithm can be found in [6]. And an adaptive approach for

factor graph inference propagation problem is presented in

[7] using a cluster method. Some other approaches includ-

ing [8] and [9] also focus on providing an adaptive Bayesian

inference framework to maintain marginal distributions.

Our work extends the idea of sum-product algorithm and

provides a framework to solve the dynamic spectrum allo-

cation problem which emerges with the sensing ability of

cognitive radios to spectrum sharing.

Dynamic channel assignment or link scheduling problem

in multi-radio wireless mesh networks are discussed in [10]

and [11]. However, their research focus on how to solve the

link scheduling problem with multi-radio (multi-channel) to

improve throughput or other measurements of the network.

Instead, our approach focuses on avoiding the interference

among multiple secondary users.

The closest research to our work is [12]. It makes use

of Nash etiquette to solve the channel allocation problem

and assumes users (players) to have full knowledge of

other users’ (players’) actions. The purpose is to find a

convergence point to maximize the set of utility functions.

Our approach gives a framework when users do not have

knowledge of the whole network to fit a more practical case,

and uses a graphical model instead of regret minimization

learning.

To our knowledge, our work is the first factor graph-

based approach to solve the dynamic spectrum allocation

problem.

III. PROBLEM STATEMENT

A. Problem Definition

The problem setting is as follows:

• Since one bidirectional communication can be divided

to two one way communications between two different

pairs of transmitters and receivers. We only consider

one way communication.

• Each node in the abstracted graph is assumed to have

a transmitter and receiver.

• We assume all nodes are cooperatively to achieve a

fair usage of the shared channel.

• We assume the nodes’ density is acceptable. For a

high density scenario, no approach can achieve a good

performance. And the problem is trivial for a low

density scenario.

• We assume the network is reliable (no missing mes-

sages).

• We assume the noise is equally distributed to simplify

the problem.

Based on these settings (constraints), the dynamic spec-

trum allocation problem can be formalized as:

DSA Problem 1. Given n number of nodes, m num-

ber of available frequency channels C1, C2, ..., Cm, find

an efficient way to allocate the communication chan-

nels for all pairs of nodes to minimize the interference

(
∑n

i=1

∑n

j=1 Ii,j where i, j ∈ n and i 6= j) among them.

The problem is trivial if we have enough channels (n >>
m).

B. System Measurement

Network performance can be measured using different

methods such as throughput and delay. A cognitive network

can be considered as a collection of interfering pairs of

nodes. From this point of view, we consider the minimum

interference or the best global communication quality, as

our main performance metric.

The SIR (signal-to-interference-ratio) at receiver j (i is

corresponding transmitter for j) can be expressed as:

SIRij =
RiGij

∑n

k=1,k 6=i RkGkjI(k, i)
, (4)

where Ri is the power level of i, and Gij is the channel
gain. I(k, i) is the interference from the transmitter k to i
described by:

I(k, i) =

{

0 (when Ck 6= Ci)

1 (when Ck = Ci),
(5)
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in which Ci and Ck are the channel selections for transmit-
ter i and k respectively. The global communication quality

is the summation of all pairs. We use the average SIR,
∑

n
i

∑

n
j 6=i SIRij

n
, as our metric to measure the transmission

link quality of the network.

IV. PREFERENCE DISTRIBUTION AND GRAPH

GENERATION

A. Graph Generation

A factor graph has two types of nodes: factor nodes and

variable nodes. It can be generated based on the interference

relationship among nodes. A factor node exists if two or

more nodes have interference relationship. To simplify the

graph, factor nodes can be abbreviated to and represented as

a single edge between two nodes. We assume each node j
has knowledge of its power level Ri (i is the corresponding

transmitter) and the channel gain Gkj between its neighbor-

ing nodes k and itself. Since the channel gain is different

for transmitter k to receiver j and transmitter j to receiver

k, we use W (k, j) as the weight of factor edges from k to

j as W (k, j) = RkGkj .Two asymmetric edges are created

between two interfering nodes with different weight. We

consider edges with weight lower than
RaverageGaverage

φ

(Raverage, Gaverage are average power level and channel

gain for all nodes, and φ is an experimental factor between

10 to 1000), as trivial edges and remove them during the

graph generation. Figure 2 shows a graph in which nodes

1, 2 and 3 interfere with each other, node 4 interferes with

nodes 3, 5, and node 5 only interferes with node 4.

Fig. 2. Graph Generation Example

B. Preference Distribution Generation

Each node has its own preference probability distribution

on each possible channel. It is based on the following

general environmental information:

• current usage,

• channel noise level (determined by sensing channels),

• channel occupation rate (licensed users may occupy

specific channel), and

• usage preference (adjusted based on previous trans-

mission).

The preference probability distribution is a vector of all m
frequency channels with a summation of 1. Consider for

example, a graph with 5 nodes and 3 channels using the

same topology as in Figure 2. Assume that node 1 first

initializes its preference vector as shown in Table I. The

power level and channel gain settings are in Table II.

Channel Preference Value

1 0.5

2 0.3

3 0.2

TABLE I
CHANNEL DISTRIBUTION

Node Power Level Channel Gain

1 2 0.8

2 1 0.5

3 4 0.5

TABLE II
NODE PARAMETERS

V. DISTRIBUTED WAVE ALGORITHM

In this section, we describe our distributed wave algo-

rithm (DWA) to solve the dynamic spectrum allocation

problem for cognitive networks. The DWA algorithm has

two versions: (1) DWA-Tree, which solves the problem in

tree structures; and (2) DWA-Cycle, which extends DWA-

Tree to support general graphs with cycles. Both of them

are based on the generated abbreviated factor graph.

A. DWA-Tree

DWA-Tree is a modified version of general sum-product

algorithm. At first, it generates the maximum interference

spanning tree (MIST) based on the factor tree graph and

edge weights. Since the weights is corresponding to the

two directions are different, the larger one will be selected

as the edge weight for computation, which is based on the

assumption that all nodes are cooperative and the aim is

to improve the global link quality instead of individual

link quality. During the MIST computation, we pick the

node with minimum distances to all leaf nodes as the root

node, by which all leaf nodes can reach the root node

with minimum hops. The height and parent relationship are

marked, and low weight edges are removed. Then, with

the given MIST, DWA-Tree starts the two steps process

described below:

• Forward Step: Forward step starts from all leaf nodes.

A leaf node forwards its preference distribution to

its parent. Any node receives a forward message

will calculate the summation of all children combin-

ing with its own preference distribution as Pj′ =
∑

m∈Childj
(Pm)×Wm,j

COUNT (Childj)
× (1 − Pj), and forwards the

result Pj′ to its parent unless it is the root node.

The root node decides its spectrum allocation by

selecting the channel with the lowest probability of

Proot′ , and sets the channel allocation vector Croot =
MINof(Proot′) where MINof sets the lowest prob-

ability in vector Pj′ . The forward step ends when all

forward messages reach the root node.

• Backward Step: Backward step starts from the root

node after it selects the highest probability and sets it

to Croot. It sends Croot back to all its children nodes.

Any node that receives a backward message calcu-

lates the summation based on the parent’s allocation

as Pj′ =

∑

m∈Childj ,P arentj
(Pm′ )×Wm,j

COUNT (Childj)+1 × (1 − Pj),
chooses the channel with the minimum probability,

sets Cj = MINof(Pj′), and sends Cj with backward
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messages to its children unless it is a leaf node. Leaf

nodes use a similar method to allocate their channels.

The backward step ends when backward messages

reach all leaf nodes.

The detailed DWA-Tree is described in Algorithm 1.

Algorithm 1 Distributed Wave Algorithm For Tree

Require: 1) Given a channel set C = C1, C2..., Cm

2) Given a factor graph G with n vertices as number

of nodes (pairs of transmitter and receiver) and

directed weighted edges

3) Initializes Wi,j = MAX(W (i, j), W (j, i)) as the

Weight of edge Ei,j and nodes’ preference proba-

bilities Pj(j ∈ n)
Building MIST G′ of G with the Root node Root and

leaf nodes Leaf
On Leaf side:

Let Pj′ = Pj

Send Pj′ to Parentj with FORWARD message

if Receive BACKWARD messages from Parent nodes

then

Let Pj′ = (CParent′
j
)× (1−Pj), Cj = MINof(Pj′)

end if

On Root side:

if Receive FORWARD messages from all child nodes

then

Let Pj′ =

∑

m∈Childj
(Pm′)×Wm,j

COUNT (Childj)+1 × (1 − Pj), Cj =

MINof(Pj′)
Send Cj to Childj with BACKWARD message

end if

On intermedia side:

if Receive FORWARD messages from all Child nodes

then

Let Pj′ =

∑

m∈Childj
(Pm)×Wm,j

COUNT (Childj)
× (1 − Pj)

Send Pj′ to Parentj with FORWARD message

end if

if Receive BACKWARD messages from Parent nodes

then

Let Pj′ =

∑

m∈Childj ,Parentj
(Pm′ )×Wm,j

COUNT (Childj)+1 × (1 − Pj),

Cj = MINof(Pj′)
Send Cj to Childj with BACKWARD message

end if

B. DWA-Cycle

In a more general case, if cycles exist, DWA-Tree will

fail due to the lost edge information while building the

MIST. To solve this problem, we provide our DWA-Cycle

algorithm. Similar to the DWA-Tree, DWA-Cycle also starts

from the generated factor graph and creates the MIST.

Instead of simply removing low weight edges during MIST

generation, it marks all edges with the weight larger than

the threshold. Another difference is that the root node is

picked based on the peer relationship, and only peer edges

can be removed during the generation of MIST. We will

describe the peer relationship in V-C.

The algorithm also has two steps:

• Forward Step: The Forward Step is similar to that of

DWA-Tree, while the MIST is built with mark and

recover feature.

• Backward Step: Backward also starts from the root

node. The root node sends the channel allocation

Croot back to all its children nodes. When a node

receives a backward message, it first checks whether

it has edges in remove set Removei,j , and recovers

all removed edges with peer relationship. It calculates

the channel distribution and allocates the channel

setting based on the parent’s allocation, peer recovered

edges’ preference distribution, and the summation

of all children nodes as Cj = MINof(Pj′) =

MINof(

∑

m∈Childj ,Parentj ,Peerj
(Pm′)×Wm,j

COUNT (Childj)+1 × (1 −

Pj)). The allocation follows root to leaf order using

the Sub-MIST built on nodes with peer relationship

to prevent them from ignorantly allocating the same

channel. Then it sends backward messages to its

children unless the node itself is a leaf node. Leaf

nodes use a similar method to allocate their channels.

The backward step ends when backward messages

reach all leaf nodes.

The detailed algorithm is described in Algorithm 2.

Algorithm 2 Distributed Wave Algorithm For Cycle

Require: 1) Similar as DWA-Tree

Building MIST G′ of G with k levels by moving Ei,j

with lowest W (i, j) from G to Removei,j

On Leaf side and Root side:

Same as DWA-Tree

On intermedia side:

if Receive FORWARD messages from all Child nodes

then

Let Pj′ =

∑

m∈Childj
(Pm)×Wm,j

COUNT (Childj) × (1 − Pj)
Send Pj′ to Parentj with FORWARD message

end if

if Receive BACKWARD messages from Parent nodes

then

if Ei,j ∈ Removei,j where i ∈ Peerj then

Recover Removei,j for G′ {Peer relationship lists

all vertices with the same height as j}
end if

if No Sub − MISTj then

Building Sub − MISTj

end if

Let Cj = MINof(Pj′ ) =

MINof(

∑

m∈Childj ,Parentj ,P eerj
(Pm′ )×Wm,j

COUNT (Childj)+1 × (1 −

Pj)) {Following root to leaf order in Sub−MISTj}
Send Cj to Childj with BACKWARD message

end if

C. Peer Relationship

We introduce the peer relationship to make the DWA-

Cycle to be an exact algorithm instead of an approximation
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algorithm for general graphs. We assume nodes have peer

relationship if they stay in the same height in the MIST.

After the root is determined, all its neighboring nodes

should have same height as 1, and so on. Since a node

only has one parent, it can be proved that if a cycle exists

there should be one peer edge inside. Our method takes

advantage of this result, and breaks all cycles by removing

all peer edges. Another advantage is that any peer edge only

affects the allocation of peer nodes instead of their parent,

so the Forward step of DWA guarantees the correctness of

the allocation for the root node. An example is shown in

Figure 3, in which we have a complete graph with 3 nodes,

after we select node 1 as the root node, nodes 2 and 3 have

to be the children of node 1 with height 1, so they have a

peer relationship. And the edge E(2, 3) should be removed

to break the cycle Cycle(1, 2, 3). If there exist more cycles,

we can use similar approaches to build the MIST.

Fig. 3. Peer Relationship

D. Example

Using the graph shown in Figure 4 with 5 nodes and

3 available channels where node 3 is the root node with

all others as its children nodes, we show how Forward

and Backward steps work towards spectrum allocation. The

preference distributions are [1/3, 1/3, 1/3], [1/3, 1/3, 1/3],

[1/3, 1/3, 1/3], [1/2, 1/4, 1/4], [1/2, 1/4, 1/4] corre-

sponding to nodes 1, 2, 3, 4, 5. To simplify the calculation,

we assume all edges have the same weight W = 1.

Fig. 4. DWA Example with 5 Nodes & 3 Channels

The algorithm starts with all leaf nodes 1, 2, 4, 5 sending

forward messages with their preference distributions to the

parent node 3. After collecting all forward messages, node 3

calculates its distribution P3′ =
∑

m∈Child3
(1−Pm)×Wm,j

COUNT (Child3)
×

(1 − P3) which equals to [5/12, 7/24, 7/24] after scaling

to 1. Backward step starts from node 3 selecting channel

2 (C3 = MINof(P3′)) as its allocation. Node 3 sends

the result back with a backward message to its children

nodes 1, 2, 4, 5. Since each node only has interference

relationship with its parent node 3, it can get its probability

distribution as Pj′ =

∑

m∈Childj,P arentj,P eerj
(Pm′ )×Wm,j

COUNT (Childj)+1 ×

(1 − Pj) which is [1/4, 1/2, 1/4] for nodes 1, 2 and

[2/23, 18/23, 3/23] for nodes 4, 5. The channel allocations

are C1, C1, C2, C1, C1 corresponding to nodes 1, 2, 3, 4, 5
which make sense because nodes 4, 5 pick better channel

C1, and node 3 avoids C1.

E. Complexity Analysis

The time complexity of the DWA-Tree is between

O(2T log(n)) and O(2Tn) depending on the tree topology

where n is the number of nodes and T is the message

transmission time.The total number of messages transmitted

is 2n since all nodes send one message to parents in the

Forward step, and receive one from parents in the Backward

step. For each node, it computes at most the summation of

all neighboring nodes once in the Forward step. So the

computation complexity for each node is λ
n

where λ is the

average cardinality of the graph. For DWA-Cycle, the time

complexity is the same while the message complexity is

2(n+ c) where c is the number of removed edges, because

each removed node requires 2 messages. We assume the

MIST and all Sub-MISTs are computed only once, and

didn’t include their cost in our analysis.

VI. SIMULATION RESULTS

We have implemented our algorithms using the Matlab-

BGL (Boost Graph Library) package, simulated DWA-Tree,

and DWA-Cycle in different scenarios, and compared our

results with the general local optimization algorithm (LO).

LO always picks the least frequent channel for each pair

of transmitter and receiver by sensing local channel usage.

We use the average SIR 6 as our performance metric.

YAverageSIR =

∑n

i

∑n

j 6=i SIRij

n
(6)

A. 200m× 200m Square Simulation

We first simulate our algorithms in a 200m × 200m
square area with random deployed nodes (each node as a

pair of transmitter and receiver). The channel gain is given

as G(ij) = κ × D(ij) where κ is a random generated

factor, and D(ij) is the euclidean distance between node

i and node j. The preference distribution matrix of each

node is also random generated in this scenario. We set up

this area with 10 and 20 available channels. The result for

DWA-Tree is shown in Figure 5. In the simulation, we start

from 0 node and end up with 300 nodes. The interferences

are generally the same with fewer neighboring nodes during

the initiation. Then it shows a remarkable difference when

the number of nodes is between 100 and 250. The average

SIR in DWA-Tree is about 30% percent lower than LO with
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250 nodes for both 10 and 20 availible channels. When the

number of nodes is more than 250, the area starts getting

crowded, and the interference level significantly increases

consequently. It also shows a reasonable decrease when

the number of availible channels increases from 10 to 20.

Similar results are shown in Figure 6 for DWA-Cycle.
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Fig. 5. DWA-Tree (200x200)
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Fig. 6. DWA-Cycle (200x200)

B. Scalability

The square area becomes too crowded when the number

of nodes increases, and it ends up with an uninteresting

scenario in which each node becomes a neighbor to all

others. For that reason, we choose another method to test

the scalability of our algorithms. We generate the adjacency

matrix with random weights, so that two nodes are neigh-

bors when the corresponding weight in adjacency matrix

is positive. We began testing with 500 nodes and increased

the number of nodes up to 2500 nodes. Although the results

fluctuated, DWA-Tree and DWA-Cycle consistently showed

the advantage comparing with LO for both 10 channels and

20 channels as shown in Figure 7 and 8.
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Fig. 7. DWA-Tree (RAM)
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Fig. 8. DWA-Cycle (RAM)

C. Impact of Cycles

To evaluate the impact of the number of cycles, we

analyze the result with increasing number of cycles and

show the results in Figure 9 and 10 with 10 and 20 channels.
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Fig. 9. DWA-Cycle (500 Nodes)
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Fig. 10. DWA-Cycle (1000 Nodes)

We observe that the performance increases consistently

but slightly with increasing number of cycles. The ratio

goes down when the number of nodes increases (or the

number of available channels increases). It is relatively

consistent when the number of cycles is reasonable (100 to

300 for 500 nodes; 100 to 400 for 1000 nodes). In general,

the proposed algorithms work well with reasonable number

of nodes and channels, and have remarkable advantage

comparing with local optimization methods.

VII. CONCLUSION AND FUTURE WORK

In this paper, we first provided an introduction to cogni-

tive networks and factor graphs. Then, we described the

general problem of distributed spectrum allocation, and

proposed a factor graph based model. We show that with

the proposed DWA algorithms, the global link quality is

consistently improved in a variety of scenarios. In future,

we will evaluate our algorithms in the presence of malicious

nodes or noncooperative nodes.
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