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Abstract

The objective of communication systems is to optimally utilize the

scarce spectrum and the energy required to transmit a unit informa-

tion bit while maintaining a certain performance measure in terms of

bit error rate. Turbo codes achieve performances very close to the

channel capacity which is the absolute physical limit as proved by

Shannon. These Turbo codes, however, when used with BPSK mod-

ulation, as were originally presented, are not very spectrally efficient.

In this dissertation, a method which combines Quadrature Amplitude

Modulation (QAM) with Turbo codes is investigated. The information

bits are coded using standard Turbo code algorithms then grouped

into k-bit symbols to be modulated using the more spectrally efficient

QAM modulation. Certain functions which map received symbols to

individual bits while preserving the soft information of the received

symbols are presented. These functions are specific to the particular

QAM modulation used and to the particular mapping of the symbols

to the constellation points. At the receiver, these functions are used to

decouple the received symbols into component bit-symbols with low

loss in the soft information. Standard Turbo decoders like the MAP

decoder are then used to decode the bit-symbols into bits. Computer



simulations show enhanced performance with high spectrum utiliza-

tion. The system is shown to achieve better BER performance com-

pared to a Reed Solomon code with similar rate and modulation.

A different form of coding is proposed for systems with low com-

putational power. In this code, two parity bits are transmitted in

a different channel than that of the information symbol. The par-

ity bits are chosen to be as different as possible for the neighboring

constellation points and the symbols they represent. Unlike standard

error correcting codes, the proposed method improves the system per-

formance by assisting the receiver in decoding the received signals.

Simulation results show gains of the system compared with uncoded

systems with little computational complexity. This coding technique,

along with semi-soft technique described earlier are used to map Turbo

codes into high dimension modulation.
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Chapter 1

Introduction

Since the demand for transmission of more information, both voice

and data, has increased rapidly in the last few years and no slowdown

in the demand is seen in the near future, considerable research is cur-

rently being conducted to address this problem. Shannon has shown

that there are fundamental limits on the rate of information coding

as well as transmission rate with reliable reception. However, there

are no known algorithms that achieve these limits [1]. By dissecting

a communication system into individual components, it is possible to

improve certain aspects of the communication limitations. In par-

ticular, proper coding can be utilized to improve the reliability of a

communication system by reducing the error rate or alternatively re-

quiring less power for the same level of error rate as those of uncoded

systems. In addition, suitable modulation techniques can be chosen

10
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to improve the utilization of the available spectrum. In other words,

it is possible to transmit more data on the same fixed bandwidth

using slightly complex modulation techniques. One objective of the

research reported in this dissertation is to use a particular coding tech-

nique, namely Turbo coding, alongside QAM, to improve both power

and spectral utilization efficiencies. Another objective is to develop a

new coding technique, called “parity assisted decoding”, which is then

combined with Turbo coding to simplify mapping the binary Turbo

codes into QAM symbols.

1.1 The Communication Problem

The problem of communication involves the transmission (and recep-

tion) of information from one point to another, as from a cell phone

to a base station, or from one time to another, as in data storage in

disks. The information can be either analog, as voice or video, or it

can be digital, as computer data. In the current dissertation, we deal

exclusively with digital data. For transmission of analog data, we as-

sume that it has already been sampled and is available in a digital

form.

There are two main constraints in many communication systems:

the electromagnetic spectrum available for transmission, or bandwidth,
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and the power required for such operation. The bandwidth is a scarce

resource that is in demand by many individuals and entities. Cer-

tain applications require specific frequency bands, which makes them

even more scarce. Yet there is huge demand for transmission of more

and more data. Also, the demand is seen to continue increasing in

the foreseeable future. As will be shown below, the capacity of a

communication channel, or the maximum rate at which data can be

transmitted reliably, is proportional to the available bandwidth.

The second main constraint is the power available for transmission.

At the destination end of a communication system, the received signal

consists of a delayed and attenuated version of the transmitted signal

corrupted with additive noise. The receiver estimates the transmitted

signal from the corrupted received signal. Occasionally the receiver

decodes the received symbol erroneously. The error rate is mainly

determined from the signal to noise ratio. Since there is little control

of the additive noise, the power of the signal determines the error rate

which needs to be kept as low as possible. In many applications, the

power supply is very limited. The power that can be supplied from

a cell phone battery while keeping the phone size small and light, for

example, is very limited. Also, the power that can be generated from

solar energy in a deep space probe communicating with Earth is also

limited.



1.1. THE COMMUNICATION PROBLEM 13

A different issue related to the power of communication systems is

controlling or limiting the transmitted power. When two radio stations

in neighboring cities, for example, transmit at the same frequency,

then the transmission power needs to be limited to avoid interfering

with each other. Similarly, the transmission power of cell phones in a

cellular network where the same frequency is “reused” at a close “cell”

needs to be controlled. This kind of power control, however, is not

addressed in this dissertation.

There are other limitations in communication systems. These in-

clude signal attenuation, multi-path fading, interference and shad-

owing. Many techniques have been proposed to overcome these im-

pairments and improve communication reliability. These techniques

include the use of smart antennas, diversity techniques and error-

correcting codes to overcome the effects of added noise and fading

so as to improve the communication reliability.

The research reported in this dissertation is concerned with design-

ing channel codes and modulation methods that improve the perfor-

mance of communication systems. The proposed methods have been

tested mainly under Additive White Gaussian Noise (AWGN). Ad-

ditive noise is the main constraint in many communication systems

like deep space communication, satellite, microwave communication

links and the upcoming broadband wireless metropolitan area net-
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work (WirelessMAN) as defined by the IEEE standard 802.16 [2]. It

is expected that the techniques developed in this dissertation will en-

hance the performance in the presence of multipath fading. However,

it should be emphasized that the current research focuses on design

and performance evaluation under AWGN. The extension to other

channel propagation environments is application dependent and is a

subject of future research.

The communication problem, therefore, involves the reliable trans-

mission and reception of information given a limited bandwidth and

power.

1.2 The Promise of Coding

Claude E. Shannon proved in his seminal paper “A Mathematical The-

ory of Communication” [3] that the data rate that can be transmitted

reliably and the available bandwidth (as well as the signal to noise

ratio) are related to what he called channel capacity. His theorem

states that the capacity, C, of an AWGN communication channel of

bandwidth, W hertz, is given by

C = W log2(1 + Es/N0) bits per second, (1.1)

where Es is the signal energy in the signaling interval T = 1/W ,

and N0 is the noise power spectral density. The theorem asserts that
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the channel can be made reliable, i.e., with an arbitrarily small bit

error rate–by proper coding as long as the information transmission

rate, R, is less than the channel capacity, C. In order to compare the

various coding methods, it is more appropriate to express the capacity

in terms of the bit energy, Eb, instead of the signal energy, Es. They

are related by

Es = Eb
R

W
. (1.2)

The theorem puts a fundamental limit on the maximum transmission

rate. However, it does not show how to achieve that limit [1, 4]. Fig.

1.1 shows Shannon’s limit as well as the possible rates for various

signal to noise ratios.

Substantial research has been done on the design of codes and their

decoding algorithms ever since the publication of Shannon’s paper [5–

10]. Various algorithms have been proposed and used in many applica-

tions. Coding is used in satellite communications, telephone modems

and mobile phones. In fact, there is hardly any communication system

today that does not employ one or more coding algorithms.

Coding algorithms and modulation schemes in communications sys-

tems can be classified into two categories: coding and modulation

for bandwidth-limited channels and for power-limited channels. Deep

space communication is an example of a power-limited channel. In
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deep space, the bandwidth is essentially infinite but the power supply

to the communication devices on-board space probes is very limited

and usually comes from solar cells. On the other hand, the power in a

base station of a cellular network is relatively abundant; however, the

available bandwidth is very limited.
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1.3 The Communication System

Figure 1.2 is a block diagram of a typical communication system. The

source encoder compresses the data to be transmitted by removing re-

dundancy. Source encoding is vital for improving channel utilization.

The compression can be lossless where data can be reconstructed ex-

actly at the receiving end. The compression can also be lossy where

the decompressed data is different from, but close to, the original data.

In general, lossy compression compresses the data more than lossless

compression. The compression methods used in computer programs

like gzip and bzip2 is lossless, whereas the compression algorithms

used in JPEG for images and MPEG4 for video are lossy. According

to Shannon, the maximum compression rate for the lossless variety is

limited by the entropy of the source [4]. The lossy compression rate

is determined by the “rate distortion theorem” also of Shannon [4].

While source coding removes redundancy from the data before trans-

mission, channel coding adds redundancy. However, it is added in a

systematic fashion so as to help correct errors at the receiver. A major

part of this dissertation focuses on channel coding where a particular

algorithm called “Turbo coding” is utilized.

The output of the channel encoder is fed to the modulator. This

in turn selects suitable waveforms for each k bits from the channel
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encoder. Modulation is the other major part of this dissertation.

As described in section 1.1, the two major constraints in a com-

munication system are power and bandwidth. In this research, we

tackled these two problems by choosing appropriate modulation and

coding techniques to achieve a reliable transmission using as narrow

bandwidth and as small power as possible.

In the Shannon’s-limit diagram of Fig. 1.1, we try to use proper

coding to move the operating point of a communication system in the

“achievable region” to the left, i.e., to use less energy per information

unit. We then use proper modulation to move the operating point

up, i.e., to transmit as many information units (bits) as possible in a

given bandwidth.

1.4 Outline of the Dissertation

The current dissertation is organized as follows. Chapter 2, ‘Literature

Review’, summarizes recent work in the field. It also includes some

important historical contributions to the field of coding and modula-

tion. Chapter 3 presents an overview of modulation schemes used in

the implementation of the algorithms developed in this dissertation.

It shows the rationale behind modulation as well as the performance

of the various modulation techniques. The rationale is to contrast
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the performance of the proposed method against other modulation

techniques. Chapter 4 describes Turbo coding and its components as

well as lists some of the decoding algorithms. Chapter 5 describes the

techniques studied in this research in combining Turbo coding with

spectrally efficient modulation. Simulation results are also presented.

Chapter 6 describes a new coding technique developed in particular for

systems with limited computational power. It can be used to augment

many modulation techniques to improve their performances. Finally,

Chapter 7 summarizes the dissertation showing the advantages of the

techniques described throughout the dissertation as well as their lim-

itations. It also provides suggestions for future research.
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Chapter 2

Literature Survey

Coding can be traced back to the work of Shannon. His seminal

paper [3] opened up the field of information theory. Although Shannon

proposed coding as a means to improving communication reliability,

no coding algorithm was specified. Hamming introduced a simple

block coding algorithm [5]. Soon, that was followed by Golay [6]

who used the solution of a sphere-packing problem of dimension 23 to

construct his algorithm [11]. The early codes were block codes: the

information symbols are divided into blocks of a fixed size, parity check

symbols are added and the combined information and parity check

symbols are transmitted. Each block is transmitted independently of

the others.

Later convolutional codes were introduced by Elias [12]. However,

they were impractical—except for the simplest ones—due to their de-

21
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coding complexity. Various algorithms have been devised to decode

convolutional codes. Andrew J. Viterbi developed a decoding algo-

rithm in 1967 that greatly simplified their decoding and made con-

volutional codes very practical [8]—at least for codes with small con-

straint number K. It can safely be said that this algorithm is the

reason for the widespread usage of convolutional codes. Nowadays,

they are used in many applications from deep space communications

to cellular phones and satellite communications [1]. The algorithm

estimates the most probable transmitted bit sequence by traversing

a tree diagram called a trellis. All possible paths are examined and

the most likely one is selected. The Viterbi algorithm (VA) is very

suited to use with both soft and hard decision inputs. While many

algorithms, including those of block codes, can use both the soft and

hard decision inputs, the VA is well suited in that no changes are re-

quired to the core algorithm; only the distance measure input needs

to be modified [4].

The VA is an optimal sequence estimator in that it decodes to

the most likely sequence, but it does not guarantee optimal decoding

for each bit. A Maximum-A-Posteriori (MAP) decoder, like the one

described in [13] does that. This latter algorithm is computationally

complex and when the signal to noise ratio is relatively high, there is

no practical difference between the MAP and the VA in performance.
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The complexity of MAP can be somewhat reduced by using a modified

version of it called Max-Log-MAP [14].

Reed and Solomon proposed in 1960 a powerful family of block codes

[15]. These are based on polynomials over finite fields. These codes

are used today in compact disks and DVD’s. They are also used, in

conjunction with convolutional codes, in deep space communication

and in digital video broadcasting DVB [1].

Each of the codes cited above improves the bit error rate of the com-

munication system, but they decrease the transmission rate. Unger-

boeck came up with a breakthrough code that improves the bit error

rate without sacrificing the transmission rate [10]. The code, called

trellis-coded modulation (TCM), combines coding and modulation.

Prior to [10], coding and modulation were performed independently

as two separate operations. This coding is particularly useful in band-

limited channels. Today, it is used in telephone modems among other

applications.

Turbo coding was invented by Berrou and his colleagues in 1993 [16].

Since its introduction and the performance it achieved, it attracted

considerable research. These researches can be divided into five areas:

• turbo code design and decoding algorithms,

• interleaver design,
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• theoretical performance measures of turbo codes under a variety

of conditions,

• applications of turbo coding in communication systems and other

fields, and

• bandwidth-efficient Turbo coding.

The research reported in this dissertation falls in the last category.

2.1 Turbo code design and decoding algorithms

The original turbo code design incorporated two recursive convolu-

tional encoders and a large non-uniform interleaver [16]. The decod-

ing is done by two units using an iterative decoding algorithm; viz.,

the output from one unit is fed back to the other unit and vice-versa.

Chang, et al., proposed using an error range search to reduce the

iteration count of iterative decoding [17]. Shen, et al., studied various

puncturing schemes as they are applied in turbo coding to improve on

the data rates [18]. Açikel and Ryan proposed high rates punctured

turbo codes with applications to binary/quadri-phase phase shift key-

ing BPSK/QPSK [19]. Their scheme is restricted to rates of the form

k/(k + 1), 2 ≤ k ≤ 16. Bingemen and Khandani introduced symbol-

based turbo codes where the input bit stream is parsed into n−bit

symbols and transmitted instead of transmitting the data as binary
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bits [20]. Zhu and Alajiji constructed turbo codes for non-uniform

memoryless sources and showed that these codes outperform standard

codes for such sources [21].

While the original Turbo codes were based on convolutional com-

ponent encoders, there has been research in using block codes as com-

ponents. Pyandiah, et al., proposed using block codes and QAM for

modulation [22]. They presented the performance of their study for

QAM-16 and QAM-64. Noorbakhsh and Mohammed-Pour used block

turbo codes for equalization in QAM-M [23].

Finally, there are advances in using Turbo codes alongside multiple

antenna systems. Indeed Turbo codes are being used in multiple input

and multiple output (MIMO) systems [24–29]. They also have been

incorporated in space and time (ST) processing as combination shows

great promise for achieving better capacity.

2.2 Interleaver Design

An interleaver in Turbo coding is a simple permutation of N bits. Fig.

2.1 shows an example of an interleaver. It simply permutes the order of

the input bits. For large N , random permutation produce satisfactory

results. However, the design of interleavers is an active field of re-

search. Sadjadpour and his colleagues proposed an interleaver design
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for short block length [30]. They suggested using both the distance

spectrum of the code and the correlation of information input and the

soft output of the decoder in the design. They also showed a determin-

istic approach for the design. Shibutani, et al., proposed interleaver

design based on a multi-stage permutation of rows and columns [31].

Input data is placed sequentially into a matrix, filling it one row at a

time. The data is then read column-wise and placed back into another

matrix to be read again. This procedure is repeated recursively until

some criterion is met. The researchers showed that these interleavers

perform better than conventional interleavers in frequency-selective

Rayleigh fading channel in a direct sequence code division multiple

access (DS-CDMA) environment. A deterministic design procedure

based on quadratic congruence was demonstrated by Takeshita and

Costello [32]. The procedure leads to interleavers with performance

comparable to those generated randomly. These interleavers have the

advantage over the random ones that they are easier to analyze since

they are deterministic and not random. Le Bars and colleagues showed

a design procedure for interleavers that led to turbo codes with large

minimum distance [33]. They also lead the state of both component

encoders to the zero state simultaneously, a feature much desired in

turbo coding to simplify the decoding complexity. Yuan, Vucetic and

Feng studied the effects of interleaver design and its distance spectrum
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on the bit error rate of Turbo codes [34]. They proposed a method

that searches for both an interleaver and corresponding turbo code

encoder components. Hokfelt, et al., proposed using the performance

of the iterative decoding in terms of both error correcting capabilities

and convergence rate as a criterion of interleaver design [35].

The research reported in this dissertation employs random inter-

leavers. They are computationally less complex to implement com-

pared to most schemes described above. In addition, their perfor-

mance is comparable to the systematically designed ones especially

for large interleaver sizes, which were used in the simulations of this

research.

xn−1

...

x2

x1

x0

yn−1

...

y2

y1

y0

R

j

*

*

z

>

Figure 2.1: An interleaver example. The input bits xi are shuffled (permuted) to produce yi. For

large n random permutation performs well. But for small n, permutation design is currently an

active area of research.
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2.3 Turbo Codes Performance

In the area of performance of turbo codes, there is no single analyti-

cal measure of their error correction capabilities. There are, however,

various upper and lower bounds on the performance of turbo codes

under various conditions. Breiling and Huber derived an analytical

upper bound on the minimum distance of turbo codes on a special

case of turbo encoders [36]. They showed this upper bound to depend

solely on interleaver length and component scramblers. Marsland and

Mathiopoulos [37] investigated the performance of turbo codes in fast-

fading Rayleigh channels. The signal they considered was modulated

using differential quadrature phase shift keying (D-QPSK) [37]. Kühn

considered the performance of turbo codes with short interleavers and

compared them with convolutional codes [38]. He compared the two

codes in direct sequence code division multiple access (DS-CDMA).

Sason and Shamai [39] derived an upper bound on the error prob-

ability for maximum likelihood (ML) turbo decoding in an AWGN

channel using the ensemble distance spectrum. This bound is tighter

than bounds based on the union bound for code rates below the cut-

off rate. Takeshita, et al., proposed using an outer Bose-Chaudhery-

Hocqenegum (BCH) code in conjunction with a random interleaver to

improve the performance of turbo codes [40]. They show that such
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an outer layer improves on the error floor of turbo codes. Garello

at. al. presented an algorithm for computing the free distance dfree

of turbo codes [41]. At high SNR, dfree dominates the performance of

turbo codes. Breiling, et al., proposed an upper bound on the max-

imum attainable Hamming distance of turbo codes using arbitrary

interleavers [42]. For the quasi-static fading channel, Bouzekri, et

al., derived an upper bound on the performance of turbo codes [43].

Vatta, et al., considered the performance of turbo codes over corre-

lated Ricean channels [44]. In terms of bit error rates, Takeshita, et

al., presented an approximation of BER for turbo codes [45].

2.4 Applications of Turbo Codes

Turbo coding has found application in almost all communication areas

including deep space exploration [1]. In reviewing other applications,

Wu, et al., studied the use of turbo coding in magnetic storage systems

[46]. They simulated and tested turbo codes in hard disks and found

substantial gains over uncoded equivalents. Banister, et al., combined

source and channel coding to achieve robust transmission of images by

combining JPEG2000 image compression standard and turbo coding

[47]. Similarly, Peng and colleagues presented an approach to com-

bine source and channel coding for image and video transmission [48].
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They used a feedback system from the source encoder to the channel

encoder to achieve a slight gain over separating the two codes. Su,

et al., investigated the usage of space-time turbo codes [49]. They

used multiple antennas for space diversity in conjunction with turbo

codes to improve the performance of the communications systems in

slow fading environment. Kang and Stark applied turbo codes in

non-coherent slow frequency hopped-spread spectrum (FH-SS) with

partial band jam [50]. They studied turbo coding in AWGN with part

of the band jammed. Stienstra, et al., applied the iterative decoding

algorithm of turbo codes in combating multi-user interference in DS-

CDMA [51]. Bin Li, et al., used a low complexity QAM turbo codes for

the asynchronous digital subscriber line (ADSL) systems [52]. They

addressed the problem of mapping large constellation points without

excessively increasing the decoding complexity of the receiver. Burr

and White studied the application of Turbo codes in orthogonal fre-

quency division multiplexing (OFDM) [53]. They looked at applying

the Turbo coded OFDM in digital broadcasting systems and studied

its performance.
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2.5 Bandwidth Efficient Turbo Coding

The original Turbo codes were used with BPSK signaling which is not

very efficient in terms of spectrum utilization. Recently, there has been

some research in the areas of high efficient modulation with Turbo

codes. These works can broadly be classified into two categories: non-

uniform constellation shaping with binary coding and Turbo codes on

trellis-coded modulation (TTCM).

The Raphaeli and Gurevitz study [54] is from the former. They

proposed using constellation shaping along with Turbo coding to im-

prove the spectral utilization. In QAM-M constellation, for example,

the outer points have larger norms, and hence require more energy

than the inner ones. Therefore it is possible to improve the average

energy per bit by using the outer constellation points less frequently

than the inner ones. The authors proposed using such a scheme along-

side Turbo codes to improve both the average energy per bit and the

spectral efficiency. Zesong and Jingming [55] also proposed using shap-

ing gain in QAM along with Turbo codes. A different design criterion

was used to achieve the non-uniformity of choosing the constellation

points. They relied on the fact that when Gray coding is used, then

some bits have more reliability than others and hence can be protected

from Gaussian noise more than others.
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Symbol-based Turbo coding followed by spectrally efficient mod-

ulation is generally the design most sought after. Chang and Wei

proposed a “Q-ary Turbo Code with QAM Modulation” [17]. The

decoding, however, is very complex. Wang proposed using a low com-

plexity decoding on binary Turbo codes with QAM signaling [56].

The other class of possible bandwidth-efficient modulation with

Turbo coding involves using Turbo codes in TCM. Le Goff in [57, 58]

addressed the problem of finding suitable signal sets for use in binary

interleaved coded modulation (BICM) in Gaussian channels. The ca-

pacity of such design was evaluated for some constellation diagrams.

Chindapol and Ritcey studied the performance of iterative decoding

of BICM with square QAM constellation in Rayleigh fading channels

[59]. An enhanced TCM with Turbo coding was studied by Pons, et

al., [60]. The scheme, coined hierarchical TCM (HTCM), is shown

to improve over the normal TCM, though at a significant increase in

complexity. The scheme can be applied to both Turbo codes and low-

density parity codes (LDPC). Robertson and Worz expanded on the

TTCM by using punctured component encoders [61, 62]. Yuan, et al.,

studied TTCM using QAM for fading channels [63]. Zhang, et al., on

the other hand, studied using BICM on fading channels. They applied

that to QPSK and QAM-16 signaling [64].
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The research reported in this dissertation does not employ constel-

lation shaping as in [54, 55]. Instead, bits are encoded using binary

Turbo encoders then they are mapped to QAM symbols. Two parity

bits associated with each symbol are calculated and sent alongside the

QAM symbol in a different channel. At the receiver, the parity bits

are used to assist in decoding the received QAM symbols which are

then decoupled into individual bits. These bits are then passed to a

MAP decoder.



Chapter 3

Modulation

In transmitting data over a channel, the baseband input data stream

is usually shifted up in frequency to a radio frequency (RF) through

modulation. By using modulation, two important objectives are achieved.

First, more than one channel can be multiplexed or transmitted at the

same time without interfering with each other. Also, by modulating

high frequency carriers, shorter antennas can be employed at the re-

ceivers and transmitters.

3.1 One-Dimensional Modulation

In transmitting an information data stream b0, b1, b2, . . . , bk−1, the

carrier(s) can be modulated in a variety of ways. In one-dimensional

modulation, every k input bits are grouped into a symbol in a con-

stellation diagram. Associated with each symbol is a waveform used

34
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for transmission. This requires a total of 2k waveforms. In a pulse

amplitude modulation (PAM) which is a one-dimensional modulation

method, for example, each k bits are grouped and assigned to a point

in a constellation diagram like the one shown in Fig. 3.1. Then, a

waveform of the form

s(t) = Ang(t) cos 2πfct, 0 ≤ t ≤ T, (3.1)

is used to transmit the data, where An corresponds to the coordi-

nate in the signal constellation and T is the transmission period for

a symbol. In this expression, g(t) is a pulse-shaping filter that con-

trols the bandwidth used in the transmission and fc is the carrier

frequency. A unique point in the constellation, and hence a unique

waveform, corresponds to each ordered set of k data bits. There are

M = 2k different waveforms. All the waveforms are sinusoidal of the

same frequency and phase. They differ only in the amplitude An,

which depends on the data to be transmitted. In the case of k = 3

for example, the transmitter selects one of 23 = 8 waveforms in (3.1)

where An is in {−7, −5, . . . , 7} to convey one of the bit triplets

{000, 001, . . . , 111}. The modulation is said to transmit 3 bits per

channel usage.

It is possible to increase the number of bits transmitted per channel

usage by increasing k. However, doing that increases the number of
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· · · · · ·
−M + 1 -3 -1 1 3 M − 1

Figure 3.1: PAM constellation.

waveforms M exponentially. That leads to increased symbol error

rate. For a given k and using the modulation described above, the

symbol error rate is given by

Ps =
2(M − 1)

M
Q

(√
6kĒb

(M 2 − 1)N0

)
, (3.2)

where Ēb is the average energy per bit and N0 is the noise power

spectral density. Fig. 3.2 shows the symbol error rate as a function of

the signal to noise ratio Ēb

N0
for various M . We note that as M increases

the spectral efficiency increases but the error rate also increases.

We note that for the special case when M = 2, the modulation is

binary phase shift keying (BPSK) and the symbol or bit error rate

reduces to

Pe = Q

(√
2Eb

N0

)
. (3.3)

The bit error rate depends on the assignment of the bits to the wave-

forms. A commonly used assignment uses Gray coding. Using this
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coding, every consecutive constellation point pair differs by a single bit

in their bit assignments. For the k = 3 example above, the constella-

tion points are assigned bit triplets like {000, 001, 011, 010, 110, 111,

101, 100}. Since symbol errors are most likely to happen when re-

ceived symbols are decoded to neighboring constellation points, it is

likely to make a single bit error for every symbol error. The bit error

rate Pe can, therefore, be approximated by

Pe ≈
Ps

k
. (3.4)

This approximation is very close for high signal to noise ratios.

3.2 Two-Dimensional Modulation

A two-dimensional form of PAM is called quadrature amplitude mod-

ulation (QAM). Similar to PAM, k bits of information are grouped

and mapped to one point in the QAM two-dimensional constellation

diagram. Each point in the constellation corresponds to a waveform

of the form

s(t) = Ang(t) cos 2πfct − Bng(t) sin 2πfct. (3.5)

Here An and Bn correspond to the x− and y−coordinates of a symbol

point in the constellation diagram. Equation (3.5) can be written as

s(t) = Cng(t) cos(2πfct + φn), (3.6)



3.2. TWO-DIMENSIONAL MODULATION 38

0 5 10 15 20 25
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

M=2

M=4

M=8

M=16

SNR Eb/N0 (dB)

S
y
m

b
ol

er
ro

r
ra

te

Figure 3.2: Symbol error rate for one-dimensional pulse amplitude modulation (PAM).

where Cn =
√

A2
n + B2

n and tan φn = Bn/An. Unlike PAM, both the

amplitude Cn and the phase φn in QAM differ from one waveform to

another. The frequency is still the same for all waveforms.

In traditional QAM, the constellation points are chosen to be in

a rectangular grid. Fig. 3.3 shows a 16 point QAM constellation.

This structure makes decoding easy. A noisy received symbol from

the output of a matched filter or a correlator bank is compared to
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all points in the constellation. A decision is made by the detector

in the receiver as to which symbol was transmitted according to the

closeness in Euclidean distances of the received symbol from all points

in the constellation. For the rectangular constellation, the decision

boundaries are usually vertical and horizontal lines.

The constellation points can also be arranged as vertices of equi-

lateral triangles. This leads to the hexagonal arrangement for QAM.

This formation leads to a better error rate for the same signal to noise

ratio. In other words, hexagonal QAM can achieve the same bit er-

ror rate as that of a rectangular QAM but using less energy per bit.

This comes at a modest increase in the detector complexity. Decision

lines are no longer vertical and horizontal lines. Rather, associated

with each constellation point is a decision region, which is hexagonal

with a radius equal to half the distance between two close points. The

exceptions to this rule are the perimeter points, which have larger de-

cision regions. Figs 3.5 and 3.6 show the constellation diagrams for a

rectangular and hexagonal 256-point QAM.

The performance of square QAM in terms of symbol error rate in

AWGN is upper bounded by [4]

Ps ≤ 4

(
1 − 1√

M

)
Q

(√
3kEb

(M − 1)N0

)
. (3.7)

Fig. 3.4 shows the symbol error rate for square QAM for M = 16, 64,



3.3. N -DIMENSIONAL MODULATION 40

Figure 3.3: QAM-16 constellation.

and 256. Also, shown in the figure is the symbol error rate for M = 64

for a hexagonal constellation.

3.3 n-Dimensional Modulation

The two-dimensional modulation of the previous section can be ex-

tended to higher dimensions. One particular practical technique in-

volves having m QAM’s each operating at different frequencies. Since

each QAM is two-dimensional, the total dimensionality of such a sys-

tem is n = 2m. In such a scheme, the constellation points are vectors

in R
n. To transmit k bits per signaling interval T , M = 2k waveforms

are needed. These waveforms are associated with M points on a con-

stellation in R
n. The points are chosen to satisfy two contradicting

requirements:
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1. the distance between the two closest points, i.e., the minimum

distance, is maximized, and,

2. the total energy of all the points, i.e., sum of square norms, is

minimized.

The first requirement is essential because the symbol error rate is heav-

ily influenced by the minimum distance. This usually leads to points

which are evenly distributed in the R
n space. The second requirement

is significant to reduce the power requirements for transmitters.

Let the M constellation points be p1, p2, . . . , pM where pi ∈ R
n.

Then the two requirements above can mathematically be expressed as

follows:

maximize‖pi − pj‖ ∀i, j, subject to, (3.8)

E =
M∑

i=1

‖pi‖2 is fixed. (3.9)

The solution to this optimization problem is not trivial. This prob-

lem is related to the sphere packing problem in mathematics [11]. The

solution to this optimization problem is known for n = 1, 2, 3 and 23

among others. For n = 1 the points are chosen to be equally spaced

from each other on the real line. For n = 2, the points are chosen in

a hexagonal grid. This can be illustrated by packing M pennies on a

flat surface to cover as small an area as possible. The centers of the
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pennies will be the hexagonal grid. For the case of n = 3, the points

are packed like a pile of oranges in a grocery store.

A related problem in mathematics is the kissing problem. In this

problem, the objective is to maximize the number of adjacent neigh-

bor points (pennies) that touch or kiss the central one. For the two

dimensional case, the kissing number is 6: a maximum of six pennies

can touch any penny as shown in Fig. 3.7 [11, 65].

The constellation points can be generated by first finding a basis,

then enumerating all integral multiples of the basis and finally select-

ing M of these that have the lowest norms (i.e., energy). For example,

in the two-dimensional space, the basis is the points

x1 =


1

0


 and x2 =


−

1
2

√
3

2


 .

We enumerate all points of the form

αx1 + βx2 + c,

where α, β ∈ Z and c is a constant vector chosen to exclude the null

point from the constellation. Finally we select the M points with the

least norms.

Hexagonal QAM performs slightly better than rectangular QAM.

The constellation points of the hexagonal QAM can be arranged to

have less average energy per symbol with the same minimum distance
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as that of the rectangular one. Fig. 3.8 shows the bit error rate

(BER) of two-dimensional hexagonal and rectangular QAM each with

256 points.

In this research, square QAM has been employed. While hexago-

nal QAM modulation has a slight performance advantage over square

QAM in terms of symbol error rate, it is difficult to assign Gray codes

to the constellation points of a hexagonal which is key to achieve low

BER’s. That justifies the usage of square QAM over hexagonal QAM.
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Figure 3.4: Symbol error rate for two dimensional quadrature amplitude modulation (QAM). The

dotted line shows the performance of hexagonal QAM-64 modulation.
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Figure 3.5: QAM-256 2-D rectangular constellation.
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Figure 3.6: QAM-256 2-D hexagonal constellation.

Figure 3.7: Sphere packing in R
2.



3.3. N -DIMENSIONAL MODULATION 47

6 7 8 9 10 11 12 13 14 15
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Pe 4−D QAM−256 for square and spherecal constellations

E
b
 / N

0

P
ro

b
a

b
ilt

y
 o

f 
s
y
m

b
o

l 
e

rr
o

r

Figure 3.8: Error probability for 2-D rectangular (solid) and hexagonal (dashed) QAM-256 con-

stellations.



Chapter 4

Turbo Coding

As shown in chapter 1, Shannon’s capacity theorem proved the exis-

tence of a coding scheme which achieves reliable communication at a

rate equal to or less than channel capacity. However, no such scheme

was given. Turbo codes achieve performance very close to Shannon’s

limits [16]. Berrou et. al. showed these codes performing within 1/2

dB of Shannon’s limit at certain transmission rates [66]. Low Density

Parity Codes (LDPC) are the other codes that achieve performance

close to Shannon’s limit.

4.1 Encoder Structure

A turbo encoder is composed of two or more convolutional encoders

and an interleaver. An information bit-stream is fed to the first con-

volutional encoder and to the interleaver. The latter rearranges the

48
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bits and then feeds them to the second encoder. The two component

encoders are usually, but not necessarily, of the same structure. The

outputs of the turbo encoder consist of the unmodified information

bits and the outputs of the two encoders. Figure 4.1 shows a typical

architecture of a turbo encoder with two recursive systematic convolu-

tional (RSC) encoders. These encoders, when used as components of

a turbo encoder, are usually designed to be recursive with the output

being fed back to the encoder.

interleaver RSC

RSC

-

-

- - -

-

x(n)

Figure 4.1: A typical turbo encoder. The recursive convolution encoders (RSC) can be replaced

by a conventional encoders.
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4.2 RSC Encoder

A RSC encoder consists of a shift register whose output, as well as

the output of the internal flip-flops, is fed back to the input. Fig. 4.2

shows a simple RSC with three flip-flop shift register. The flip-flops

whose output are used in the feedback are chosen according to some

mathematical formulation. Look-up tables exist that show the optimal

flip-flop locations to be used for both feedback as well as output[4].

Figure 4.2: Recursive Systematic Convolutional encoder consisting of a three flip-flop shift register

and modulo-2 adders.

4.3 Interleavers

The interleaver permutes the input bit stream in some fashion. They

have been used in digital communications for many years [1]. Tra-

ditionally, they have been used to reduce the effects of burst errors

especially in systems that use block or convolutional codes. A block
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code of length n that is capable of correcting up to t errors in a block,

for example, can not correct the errors if they are more than t as would

be caused by a burst of noise. However, if the bits are interleaved and

spread over multiple blocks, then the effects of the burst error would

be reduced. This is true because burst errors tend to be short in time.

In turbo coding, interleaving is done to improve the performance not

only in a burst channel, but a random channel as well.

Mathematically, an interleaver P, takes an input bit stream ar-

ranged in a vector x and produces another vector y such that

y = Px. (4.1)

The permutation matrix P, consists of a single 1 in every row and

column and zeros everywhere else. The following P is an example of

a 5 × 5 interleaver,

P =




0 0 1 0 0

0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0




. (4.2)

An input sequence like x = [x0, x1, x2, x3, x4]
T will be interleaved to

y = [x2, x4, x0, x1, x3]
T .
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At the receiver, a de-interleaver P−1, is used to re-order the received

symbols. The de-interleaver is given by

P−1 = PT . (4.3)

For the above example, the interleaver is

P−1 =




0 0 1 0 0

0 0 0 1 0

1 0 0 0 0

0 0 0 0 1

0 1 0 0 0




. (4.4)

While the matrix notation is convenient for analysis, in real hard-

ware or software implementation, interleaving is done via a table

lookup because the matrix is sparse and contains a single ‘1’ in each

column. Algorithm 1 shows how this is done. Here, Π is an array

representing the column position of the ‘1’ is each row of P where the

first column is considered position ‘0’. For the example of P above

Π = [2, 4, 0, 1, 3].

Generally, the length of the interleaver, i.e., the size of the matrix

P, determines the error correcting capability of the turbo code. In

the original paper of Berrou et al., an interleaver of size 64K was used

[16], i.e., it was a 65536 by 65536 matrix.

Some interleavers are simply random permutation, while others are
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Algorithm 1 Software Implementation of Interleaving

Input: x(n): array of bits to be interleaved

Input: Π(n): the interleaver array

Output: y(n): output of interleaver

for n = 0 to N − 1 do

y(n) ← Π(x(n))

end for

designed in a deterministic fashion. Considerable research has been

done in the design of shorter and high performing interleavers as shown

in section 2.2. A simple deterministic interleaver arranges the input

sequence in a rectangular array. The input is placed in the array

row-wise but read column-wise. For example, the input sequence x =

[x0, x1, . . . , x15], can be put in a 4 × 4 array as

x0 x1 x2 x3

x4 x5 x6 x7

x8 x9 x10 x11

x12 x13 x14 x15,

then read column-wise as y = [x0, x4, x8, x12, x1, . . . , x15].

Another commonly used deterministic interleaving involves arrang-

ing the input sequence in a rectangular (square if possible) array. Then

the data is read in a zig-zag fashion as shown below.
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There are more complex, though deterministic, algorithms to gen-

erate interleavers. However, when the interleaver size N is large, then

random interleavers perform well. To generate a random interleaver

Π(n), first, the array Π(n) is initialized with the the input sequence

0, 1, . . . , N − 1. Then the array is randomly and uniformly shuffled

to produce the interleaver.

As mentioned in Chapter 2, random interleavers were used through-

out the simulations reported in this dissertation. Their performance is

comparable to the systematically designed ones particularly for large

interleaver sizes, which are used in the simulations of this research.

4.4 Puncturing

The turbo encoder in Fig. 4.1 is a rate 1
3 where three bits are trans-

mitted for every single information bit. The information bit is sent
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unmodified, a parity bit from the first RSC encoder and a parity bit

from the second RSC encoder (after being interleaved) are also sent.

The rate is in fact slightly less that 1/3. Usually after a block is sent

through the encoders, K zeros, where K is the number of storage ele-

ments in the RSC, are inserted to the encoders to force them to return

to certain states. Therefore, the actual rate is

r =
N

3N + 2K
. (4.5)

Since K is usually small and N is very large, the rate is approximately

1/3.

interleaver RSC

RSC

-

-

- -

x(n)

-

R

Figure 4.3: A turbo encoder with puncturing.

Employing a puncturing scheme at the output of the convolutional

encoders can increase this rate. With puncturing, not all bits are
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transmitted. For example, the rate can be increased to 1/2 by trans-

mitting one of the outputs of the encoders alternately at each timing

interval. Other schemes can be employed to achieve different rates.

The performance, however, degrades, in general by increasing the rate

via puncturing. For the rate 1/2, a possible puncturing matrix is given

by

J =




1 1

1 0

0 1


 . (4.6)

The two columns represent the even and odd transmission periods

and the rows represent the three outputs of the turbo encoder: the

information bit, the output of the first encoder and the output of the

second encoder. For the matrix in (4.6) the information bits are sent

at all times. However, the output of the upper RSC encoder is sent at

even transmission time interval and the lower encoder at odd times.



Chapter 5

Spectrally Efficient Modulation

and Turbo Coding

When Turbo coding is used with BPSK signaling, it performs very

well. Berrou, et. al., showed that the performance is very close to

Shannon’s limit [16, 66]. While BPSK is very simple to implement

and its performance is well studied, it is not very bandwidth efficient.

Plain BPSK transmits one bit per signaling interval. When Turbo

coding is used, the spectral efficiency deteriorates even further. For

the Turbo coding structure used in section 4.1, the transmission rate

is only 1/3 bits per signaling interval.

Puncturing a Turbo coded bit stream and then using BPSK signal-

ing for transmission improves the spectral efficiency slightly. Using

the puncturing matrix of eq. (4.6), for example, increases the spectral

efficiency from 1/3 to 1/2 bits per transmission period. However, the

57
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rate will always be less than one bit per period when BPSK is used

regardless of the puncturing scheme. In addition, puncturing deterio-

rates the performance of the Turbo code. Increasing the rate to 4/5

or 5/6, for example, severely degrades the Turbo code performance.

While it is possible to use symbol-based (non-binary) Turbo cod-

ing directly, and look at all transitions while passing soft information

between various states, the decoding becomes exceptionally complex

when large interleaver sizes are used, which is key to the good per-

formance of Turbo codes. It also takes prohibitively long times for

decoding [14].

In this chapter, a Turbo coding structure is studied which uses QAM

for signaling, and, therefore, has better spectral utilization efficiency.

It is also considerably less complex than the full-fledged symbol-based

non-binary Turbo coding described in [14]. In fact, it is just slightly

more complex than the one with BPSK signaling per information bit;

albeit, it can be up to an order of magnitude more spectrally efficient.

Finally, a method of mapping the binary Turbo code to high-dimension

modulations is described.
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5.1 The Studied Structure

The original Turbo codes of [16] are well suited for BPSK signaling. In

the current section we use a construct which combines both the orig-

inal Turbo codes and the already available decoding techniques and

QAM signaling for improved spectral utilization efficiency. In subsec-

tion 5.1.1, the encoder design is presented. Also, some techniques, as

well as some caveats, in mapping the binary Turbo codes into M-ary

Turbo codes are presented. Subsection 5.1.2, demonstrates a decoding

algorithm for the M-ary Turbo codes. To that end, a few soft map-

ping functions are proposed to approximate the soft information in

the received symbols. Finally, the performance of the proposed QAM

Turbo code technique is presented.

5.1.1 Encoder Structure

The encoder is similar to the standard binary encoder consisting of two

recursive systematic convolutional (RSC) encoders and an interleaver

as shown in Fig. 5.1. It is possible to use bit-wise interleavers or

symbol-wise interleavers. A bit-wise interleaver permutes every bit to

any position regardless of the modulation technique used. A symbol-

wise interleaver on the other hand, operates on k-bit blocks instead of

single bits, where M = 2k is the number of points in the constellation
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diagram. In other words, every k consecutive bits are treated as a

symbol and when interleaved they move together as a block.

Each block of k bits from each of the systematic input x(n) as well

as similar blocks from the outputs of the two RSC, y1(n) and y2(n)

are associated with a point in the QAM constellation diagram and

a waveform corresponding to the point is used for transmission [67].

The waveforms from the systematic input as well as those from the two

RSC’s are sent sequentially. The constellation diagram is Gray-coded

to reduce bit errors. Fig. 5.2 is an example of a 16-point Gray-coded

constellation.

k-bit block

interleaver
RSC

RSC

-

-

- - -

-

x(n)

y2(n)

y1(n)

Figure 5.1: A typical turbo encoder. The recursive convolution encoder (RSC) can be replaced by

a conventional encoder.
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A subtle difference on the size of the interleaver between Turbo

encoders when BPSK and when QAM is used for signaling is worth

mentioning. In the BPSK case, the interleaver can be of any size N ,

though large interleavers are usually used because they achieve better

performances. When QAM is used for signaling, then the interleaver

size must be a multiple of the number of bits in a constellation point.

For a M−point constellation where M = 2k then the interleaver size

N must be

N = nk = n log2 M, (5.1)

for some integer n. Here again, long interleavers in general perform

better than short ones.

5.1.2 Decoding Turbo QAM

The decoding algorithm of the QAM turbo codes investigated in this

dissertation starts by decoupling the received symbol corresponding to

k bits into individual symbols associated with individual bits. These

symbols are then sent to a turbo decoder like a BPSK based MAP

decoder or a soft output Viterbi decoder (SOVA) for example. One

method to perform the decoupling is to employ a hard decision on the

received symbol, then associate k symbols to the bits corresponding

to the bits of the hard decision constellation point. Doing so, however,

loses the soft information of the received symbol.
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A pragmatic way to do such decoupling, without totally losing the

soft information can be explained by looking at an example of a QAM-

16 Gray-coded constellation diagram shown in Fig. 5.2. Bit b1 in

the figure, for example, is dependent only on the x position and is

constant along the y-axis. Let r = [rx, ry] be the received symbol

where rx and ry are the real and imaginary components respectively.

If rx > 2, then b1 is more probable to be 1 than to be 0 regardless

of the value of ry. The same thing is true when rx < −2. For −2 <

rx < 2, the probability of b1 being 0 is more than that of it being

1. This probability increases as rx goes to zero from both sides and

decreases going away from zero. One can devise a semi-soft measure

of these probability likelihood ratios by defining suitable increasing

and decreasing functions in the appropriate ranges. A simple such

function can be linear within each interval. An example of such a

function is

r1(r) =





rx − 2, if rx > 0,

−rx − 2, if rx < 0,

(5.2)

= |rx| − 2, (5.3)

where r1 is associated with the bit b1. An assumption is made here

that the MAP decoder, which will process the ri, uses the standard
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mapping where 0 is mapped to -1 and 1 to 1.

0000

0001

0010

0011

0101

0100

0111

0110

1010

1011

1000

1001

1111

1110

1101

1100

b3b2b1b0

Figure 5.2: Gray coding for QAM-16 constellation. The scale of the axes is omitted for clarity but

the constellation points are at the standard locations {±3, ±1} in both axes.

Fig. 5.3 illustrates the relation of the function r1(r) and bit b1 which

has been isolated from the other bits in the constellation symbols.

Similar functions can be devised for the other bits. Here are the

other three for QAM-16. They are plotted in Figs. 5.4-5.6. We

emphasize that these functions are specific to the Gray code shown in

the diagram. However, it is trivial to transform these functions to any
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Gray coding.

r0(r) = |ry| − 2, (5.4)

r2(r) = −ry and (5.5)

r3(r) = −rx (5.6)

where r0, r2 and r3 are associated with bits b0, b2 and b3 respectively.

0

0

1

1

0

0

1

1

1

1

0

0

1

1

0

0

r1(r)
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2

3

-1

-2

-3
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Figure 5.3: Semi-soft function r1(r).

Using a similar procedure it is possible to decouple bits from square

QAM with more points. The semi-soft functions need to be defined
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Figure 5.4: Semi-soft function r0(r).

appropriately though and might even depend on the signal to noise

ratio Eb/N0. The extension is simpler when the number of points in

the constellation is of the form M = 22n for some integer n. When M

is an odd power of 2, like 32, for example, then the semi-soft functions

are slightly complex even if the constellation points are Gray-coded.

Below is a description of how that extension can be done for M = 64.

Let M = 64, QAM constellation diagram shown in Fig. 5.7 is used

in a communication system which employs Turbo coding. The points
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Figure 5.5: Semi-soft function r2(r).

in the diagram are Gray-coded to reduce the bit error rate. Similar

to the case for QAM-16, we note that the bits in even positions, i.e.

b0, b2 and b4 depend only on the y−position of the received signal.

Similarly, the bits in odd positions depend only on the x− value of the

received signal. To decouple a received symbol into symbols related

to the individual bits we use similar functions to those used in QAM-

16. Let r = [rx, ry] be the received symbol. Bit b1 depends on the

x−position of the received symbol as shown in table 5.1. Here again



5.1. THE STUDIED STRUCTURE 67

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

r3(r)

1 2 3 rx-1-2-3

1

2

3

-1

-2

-3

ry

Figure 5.6: Semi-soft function r3(r).

we will assume that the BPSK MAP decoder uses the mapping where

0 is mapped to -1 and 1 is mapped to 1. The function r1(r) is used to

estimate the soft output measure for the bit b1. That estimate, along

with the estimates for the other bits, are sent to the MAP decoder. An

approximation of r1 can be defined by linearly interpolating between

the x−location of the constellation points and extrapolating outside

the points’ range. The function r1 can be defined as
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r1(r) =





|rx − 4| − 2, if rx > 0,

| − rx − 4| − 2, if rx < 0,

(5.7)

and this can be written more compactly as

r1(r) = ||rx| − 4| − 2. (5.8)

rx -7 -5 -3 -1 1 3 5 7

b1 1 0 0 1 1 0 0 1

Table 5.1: Value of bit b1 at various points in the constellation diagram for QAM-64 of Fig. 5.7.

For the other bits, b0, b2, b3, b4 and b5, appropriate soft-output

functions are defined. Tables 5.2 and 5.3 show the dependence of

these bits to the real (rx) and imaginary (r5) components of received

symbol r. The soft functions r0, r2, r3, r4 and r5 defined below are

used as measures for the soft output which is fed to the MAP decoder.

These functions correspond to the bits with the same indices so that

r0 corresponds to bit b0 and r2 to b2 and so on.
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Figure 5.7: QAM-64 Gray-coded constellation. The scale of the axes is omitted for clarity but the

constellation points are at the standard locations {±7, ±5, ±3, ±1} in both axes.

r0(r) = ||ry| − 4| − 2, (5.9a)

r2(r) = −(|ry| − 2), (5.9b)

r3(r) = −(|rx| − 2), (5.9c)

r4(r) = −ry and (5.9d)

r5(r) = −rx. (5.9e)
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ry -7 -5 -3 -1 1 3 5 7

b0 1 0 0 1 1 0 0 1

b2 0 0 1 1 1 1 0 0

b4 1 1 1 1 0 0 0 0

Table 5.2: Values of bits b0, b2 and b4 at various points in the constellation diagram for QAM-64

of Fig. 5.7.

rx -7 -5 -3 -1 1 3 5 7

b3 1 0 0 1 1 0 0 1

b5 0 0 1 1 1 1 0 0

Table 5.3: Values of bits b3 and b5 at various points in the constellation diagram for QAM-64 of

Fig. 5.7.

5.2 Mapping to High-Dimensional QAM

As shown in chapter 3, it is possible to slightly improve the com-

munication system performance simply by choosing the constellation

points appropriately. By choosing the constellation points to be closely

packed with equal distances to each other in a n−dimensional space

such that the sum of the square norms of all the points is fixed, the

performance improves compared to “square” packing. However, do-

ing that even in a 2-dimensional space, leaves the points with more

than 4 close neighbors. This makes it hard to use Gray coding so that

neighboring points differ in only 1 bit in their binary representation,

thus greatly improves the bit error rates.
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A different approach for mapping the constellation points into higher

dimensional spaces involves using the constellation points unequally

[54]. In this approach, the points with large norms, i.e., the ones

carrying more energy, are used less frequently than the ones with low

norms. In a typical square constellation, for example, the outer points

will be used less frequently than the inner points. To achieve that,

though, the constellation points carry a variable number of bits, as op-

posed to the equi-probable usage of the constellation points in which

each point carry the same number of bits. When the constellation

points are chosen according to the continuous Gaussian distribution

in each dimension, then the maximum gain is possible. The gain,

called the shaping gain, is about 1.53 dB when infinite dimensions are

used. However, for finite dimensions and when discrete quantizations

of the Gaussian distribution are used, only modest gain is achieved.

In addition this method achieves the gain at the expense of reducing

the entropy, and hence, the data rate. Moreover, the technique adds

considerable complexity to the system.

In this research, we propose using multiple square QAM constella-

tions each of which uses 2 dimensions. Then, in each QAM we use the

soft functions presented above. While in using this method we forego

the modest shaping gain, we acquire more bit rates and reduced com-

plexity.
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The second method proposed in this research for mapping the Turbo

coded QAM into high dimension modulation involves using the above

suggested square QAM and using extra parity bits to assist in decod-

ing. Then, hard decision decoding is used for each QAM for decoding

the Turbo codes. The parity bits and how they are used in assisting

the decoding process are described in the following chapter. With this

method there is a loss in using hard decision decoding as opposed to

soft decision decoding, but the extra parity bits compensate for the

loss during the QAM decoding at the receiver.

5.3 Simulation Results

The performance of the combined Turbo code with QAM signaling

was estimated using Monte Carlo simulation. The system was setup

as presented in section 5.1 which is summarized as follows. A uniform

Bernoulli number generator is setup to produce “independent” binary

outputs. These outputs represent the information bits to be trans-

mitted. No source encoder is used because each bit has a probability

of 1/2 of being either 0 or 1. Since the entropy of the source is 1 bit

per generated outcome, it is not possible to compress the data and

hence, adding a source encoder simply adds to the complexity of the

simulated system without improving on the capacity usage. In each
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iteration a total of N bits are generated where N is the size of the

desired interleaver to be used in the Turbo encoder. The N bits are

Turbo encoded using the two component RSC’s. This results in three

sets of N bits: the uncoded bits, the output of the first encoder and

the output of the second encoder, which are passed through an inter-

leaver before being RSC encoded as shown in the Fig. 5.10. In addition

to the 3N bits, there are a few bits which results from flushing the

RSC with zeros to force one of them to go to the all zero state. Each

k bits from the source generator as well as from the outputs of the

two RSC’s are grouped together and mapped to a point in a M = 2k-

point constellation diagram. Noise, simulated by a Gaussian random

number generator, is then added to the points. The variance of the

additive noise is varied to simulate various signal to noise ratios. Soft

outputs of the component bits are estimated from the noise corrupted

points using the soft functions described in subsection 5.1.2. These in

turn are passed to a MAP decoder which estimates the transmitted

bits. Finally, the decoded bits are compared to the transmitted bits

and the bit error rate is estimated.

Fig. 5.11 shows the performance in terms of bit error rate for the

combined Turbo code with QAM signaling using an interleaver of size

128 and without any puncturing. The performance is contrasted to

that of an uncoded QAM-16 system and a rate 7/15 Reed-Solomon



5.3. SIMULATION RESULTS 74

(RS) code with hard decision decoding in GF(24). The figure demon-

strates a noticeable performance gain over both the uncoded and the

RS coded system. We see that there is about 6 dB gain when using

the combined Turbo code with QAM signaling method compared to

the RS code at BER of 10−5.

Similar gains are also observed when using higher constellation sizes.

Fig. 5.12 shows the performance using QAM-256 modulation in con-

junction with Turbo coding. The figure also demonstrates the gain

over a RS code of rate 127/255 in GF (28) with hard decision decod-

ing.

Fig. 5.13 shows the performance of the studied method (point F)

with respect to Shannon’s capacity limit at BER of 10−5. Also shown

in the figure are the operating points of other modulation and cod-

ing techniques. Point (A) represents the performance of binary rate

1/2 turbo code. Points (B) and (C) represent uncoded BPSK and

QPSK respectively. Point (D) is the operating point of a parallel con-

catenated trellis coded modulation using PSK-8 for modulation [68].

Finally, point (E) represents the operating point of a 64-state TCM

using PSK-8 for modulation [14].

It can be seen from the figure that the schemes of points (D) and

(E) are closer to the Shannon’s limit than the scheme of point (F)
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in terms of the required SNR to achieve the given BER performance.

However, the latter is more spectral efficient.
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Figure 5.8: The soft function r1(r) for QAM-64 for Gray-coded constellation shown in Fig. 5.7.
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Figure 5.9: The soft functions r3(r) and r5(r) for QAM-64 for Gray-coded constellation shown in

Fig. 5.7.
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Figure 5.11: Simulated bit error rate using QAM-16 with soft output Turbo codes with N = 128.

Also shown are the uncoded QAM performance and a rate 7/15 RS coded QAM-16. It is assumed

that Gray coding is used in all cases.
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with hard decision decoding. It is assumed that Gray coding is used in all cases.
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and QPSK, (D) PC-TCM on 8PSK and (E) 64-state TCM on PSK8.



Chapter 6

Parity Assisted Decoding for

QAM

Hard decision decoding where the output of the detector is quantized

into one of the M possible values associated with the constellation

diagram, is simple to implement and requires less hardware and/or

computational resources as opposed to soft decision decoding. How-

ever, this simplicity comes at a price in terms of performance. Soft

decision decoding, where the output of the detector is not quantized

or quantized to a number of levels much more than M achieves a bet-

ter Bit Error Rate (BER) for the same energy per bit as the hard

decision one. It is not unusual to save as much as 3 dB per bit when

soft decision decoding is used to achieve the same BER performance

as when hard decision decoding is used [4].

82
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A technique developed to improve the performance when hard de-

cision decoding is used is demonstrated in this chapter. It involves

sending parity bits in a channel different from that used to transmit

the actual information symbols. The parity bits are introduced to

improve the “decision making” at the receiver and thus reduce the

BER. The available energy is split, not necessarily evenly among the

information bearing symbols and the parity bits. Using the parity bits

for decision making compensates for the loss of soft decision decoders

when high computational power is not feasible.

In this chapter, the proposed parity assisted decoding technique is

presented and analyzed. A technique for fine tuning the performance

by dynamically changing the relative energies of the information bear-

ing symbols and the parity bits is described. A variation of the method

in which the parity bits themselves are coded is shown.

6.1 Introduction

As shown in chapter 3, in traditional QAM, each k information bit is

associated with a point in a M -point constellation diagram where M =

2k. A waveform corresponding to the coordinates of the constellation

point is transmitted to convey the information. In AWGN channels

and when the symbols occur with equal probabilities, the receiver
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makes a decision as to which symbol was transmitted according to the

Euclidean distances of the received symbol to all constellation points.

In hard-decision decoding, the output of the demodulator is quan-

tized into a small number, usually M , of discrete levels. This kind of

decision-making highly simplifies the receiver structure. This simplifi-

cation comes at a cost in terms of performance. Soft-decision decoding,

on the other hand, does not quantize the output of the demodulator.

The demodulator output is sent as is to the decoder for further pro-

cessing. It is also possible to quantize the output of the demodulator

to a large number of levels, much larger than M , and still achieve per-

formance close to that of pure un-quantized output. In BPSK where

M = 2, for example, the performance when 3-bit quantization, i.e., 8

levels, is used is similar to that of no quantization.

When hard decision is used instead of soft decision, there is a loss of

about 2-3 dB per bit to achieve the same level of performance in terms

of BER. To compensate for the loss associated with hard decision,

a new scheme has been developed by the author to investigate the

use of parity-assisted decoding (PAD). This technique involves sending

two parity bits in addition to the QAM symbol. The parity bits are

sent using QPSK in a different channel. The parity bits can also be

sent at alternating times with the information symbols on the same

channel. The two parity bits are simply logical functions of the bits
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of the word corresponding to the symbol to be transmitted. The

proposed technique is particularly attractive for systems where high

computational power is not available.

Standard error correcting codes (ECC) correct errors after the re-

ceived symbols have been detected. The received word is compared,

through certain algorithms, to all codewords. The codeword closest

to the received one, in Hamming distances for hard decisions and Eu-

clidean distances for soft decisions, is chosen as the most probable

transmitted codeword. PAD, on the other hand, operates on the re-

ceived symbols during detection and before they are passed to ECC de-

coders. It uses the two parity bits for decision making at the matched

filter or correlator bank level before they are further processed by the

ECC.

6.2 PAD Encoder

The operation of the PAD can be summarized as follows. At the trans-

mitter, two parity bits are generated for each symbol to be transmit-

ted. Only two parity bits are generated regardless of the number of

points in the constellation. This enables the transmission of the parity

bits using QPSK which inherently has a low bit error rate performance

for a fixed SNR compared to other modulation techniques. It is also
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possible to generate three parity bits instead of two and sending them

using a different modulation technique, like PSK-8 for example. How-

ever, PSK-8 has a high bit error rate compared to that of QPSK of the

same SNR. Moreover, PSK-8 is slightly more complex than QPSK.

The two parity bits are logic functions of the bits representing

the symbol to be transmitted. If the bits of information symbol are

b0, b1, . . . bk−1, then the two parity bits are represented as

p0 = f0 (b0, b1, · · · , bk−1) , (6.1)

p1 = f1 (b0, b1, · · · , bk−1) , (6.2)

where f0 and f1 are logic functions. The two functions, f0 and f1

can be implemented either as combinational logic functions using, for

example, sum of products or product of sums structures. They can

also be implemented using look up tables (LUT).

Since a symbol error is most likely to occur when a symbol is re-

ceived (due to additive noise) at a neighboring constellation point

decision region, the functions are chosen to be as different as possi-

ble for neighboring points. Fig. 6.1 shows a simulation run of 10000

transmissions of a fixed symbol [the one at coordinates (1, -3)] and

the number of occurrences of the symbol being received at neighbor-

ing symbols’ decision regions for some fixed SNR. A count of a similar

simulation run is shown in Fig. 6.2 for a relatively moderate SNR.
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The mathematical expression for the expected number of point to fall

in any region is simply the area (volume) under a two-dimensional

Gaussian distribution function centered at the coordinates of the cen-

tral point and with a covariance matrix diag{N0

2 , N0

2 } multiplied by the

number of simulation runs.
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Figure 6.1: 10,000 received symbols after transmission of the symbol at (1, -3) in a QAM-64.

The first function, f0, can be chosen to be checkered like in a chess-

board among the symbols on the constellation diagram. Fig. 6.3 shows

a typical function truth table for QAM-16. This can be extended

for constellations with a larger number of points. This arrangement
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Figure 6.2: Simulation run of the number of symbols that are received in neighboring regions when

10000 symbols of the center point are transmitted.

ensures that most errors, which as shown in Fig. 6.1 occur at the four

neighboring regions, can be detected and corrected. Errors occurring

at diagonal neighbors or those falling in the four closest neighbors but

further than half the decision region’s width will not be corrected by

f0. The function f1 augments the first function to overcome the above

shortcomings.

0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0

Figure 6.3: The first parity bit function f0 truth table for a QAM-16. The function is simply

checkered bits like in a chess-board.
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The second function, f1, can be chosen as shown in Fig. 6.4. This

function ensures that diagonal neighboring regions have different par-

ity. However, the function does not solve the problem when a received

symbol arrives at a close neighbor but further than half the region’s

width. It should be noted that such errors occur very infrequently

except for very low SNR’s.

0 1 0 1

0 1 0 1

0 1 0 1

0 1 0 1

Figure 6.4: The second parity bit function f1 truth table for a QAM-16. This and in conjunction

with f0 constitute the parity bits of PAD.

We note that f0 is more effective in correcting errors than f1. How-

ever, combining both functions increases the effectiveness of the PAD

scheme. One might also map the two parity bits so as to protect the

bit representing f0 more than the bit representing f1. However, that

increases the complexity of the proposed PAD method even further.

While mapping the bits to the constellation diagram can be done

in a multitude of ways and yielding the same symbol error rate, it

is customary to use Gray mapping. In Gray mapping neighboring
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symbols differ in a single bit. Therefore, a symbol error will most

likely result is a single bit error. For a constellation of M points, the

bit error rate Pe is approximated by

Pe ≈
PM

log2 M
, (6.3)

where PM is the symbol error rate.

6.3 Decoding Using PAD

Unlike traditional QAM, the decoder of the proposed scheme uses both

the Euclidean distance of the received symbol as well as the parity

bits to make the decision. The distances of the received symbol to

N closest constellation points are calculated and sorted in ascending

order. Then a decision is made for the first point whose parity matches

the parity bits. If the parity of none of the N points matches the

received parity bits, then a decision is made to the one which matches

the parity bit corresponding to f0, which as shown above is more

effective in making correct decisions as compared to f1. If that is

also not met, then the first point—the one with shortest Euclidean

distance—is selected. For a practical system and when the number of

constellation points is small or medium, N can be less than 9. When

the received symbol is close to the perimeter constellation points or

“outside” the constellation diagram, then N can be made even smaller.
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We note here that the proposed scheme is not restricted to QAM as

it can be used in conjunction with other modulation techniques like

PSK and PAM. It can also be used in multi-dimensional modulation

techniques like lattices.

6.4 Varying Relative Energies

In a typical M−point QAM modulation, each k bit of information

where k = log2 M is mapped to a point in the QAM constellation dia-

gram. Associated with each point is a waveform whose amplitude and

phase are determined by the coordinates of the point in the diagram.

Let the average energy per symbol (i.e. waveform) be Es. Then, the

average bit energy is

Eb =
Es

k
. (6.4)

In the proposed system, the available symbol energy is divided

among the k information bits and the two parity bits. The divi-

sion, however, need not be equal. Since the parity bits are used to

make decisions on the information symbols, they need to have a lower

probability of error than those of the information symbols. That ne-

cessitates assigning the parity bits a higher portion of the available

energy. However, assigning them a very large portion, will lead to low
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error rates for the parity but will leave a small amount of energy avail-

able to the information symbol. A possible solution to this problem

is to divide the energy in such a way that the probability of error of

the parity bits, Pp, is a small fraction of the probability of error of the

information symbols. Thus, the average waveform energy is divided

among the k information bits and the two parity bits like

Es = kẼb + 2Ep, (6.5)

where Ẽb is the energy per bit of the information symbol and Ep is the

alloted energy to each parity bit. Further, let the ratio of the energy

allocated to each parity bit relative to each “bit” in the QAM symbol

be α. Thus,

Ep = αẼb, (6.6)

for some α > 0. From (6.4)-(6.6) we can write

kEb = Ẽb(k + 2α). (6.7)

The probability of error for the parity bits, Pp, assuming Gray coding

is given by [4]

Pp = Q

(√
2Ep

N0

)
, (6.8)

where N0 is the one-sided noise power density. Similarly, the proba-
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bility of symbol error for the QAM symbol PQAM is [69]

PQAM = 4

(
1 − 1√

M

)
Q




√
3kẼb

(M − 1)N0


 . (6.9)

The parity bits are used to make a decision for the QAM symbol.

Hence, it is imperative that the a probability of error for the parity

bits Pp to be much lower than the expected error for the QAM symbol.

We let Pp be a small fraction of PQAM . Let the two probabilities be

related by

Pp = βPQAM , (6.10)

where 0 < β ¿ 1. It follows from (6.4)-(6.10) that

Q

(√
2Ep

N0

)
= 4β

(
1 − 1√

M

)
Q




√
3kẼb

(M − 1)N0


 . (6.11)

Since Ẽb is related to Eb, viz,

Ẽb =
k

k + 2α
Eb, (6.12)

and from (6.6), we can write (6.11) as

Q

(√
2αkEb

(k + 2α)N0

)
=

4β

(
1 − 1√

M

)
Q

(√
3k2Eb

(k + 2α)(M − 1)N0

)
. (6.13)
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For a given SNR, Eb

N0
, this equation can be solved numerically for α

and hence Ẽb. The parameter β is an adjustable design parameter. A

value of 0.1 implies that the parity bits’ errors occur approximately

a tenth of the times less frequently than those of the QAM symbol.

Currently, there is no algorithm to obtain the optimal value of β. The

choice is made mainly from simulations.

6.5 Coding the Parity Bits

Since the parity bits control the decision making for the QAM symbols,

they need to have as low an error rate as possible. From (6.8) we see

that the error rate of the parity bits can be decreased by increasing

the portion of energy assigned to the parity bits, Ep, because the Q

function is a monotonically decreasing function. However, increasing

Ep may not be desirable as that would reduce the energy available to

the QAM symbol. Another way to reduce the parity error probability

Pp and hence improve the overall performance is by coding the parity

bits using either convolutional or block codes. Such coding, however,

will necessitate expanding the required bandwidth even further. One

can, however, use Trellis-Coded Modulation (TCM) for the parity bits

[10]. By adding a little bit complexity at the receiver, it is possible to

gain as much as 3-6 dB for the parity bits to achieve the same error
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performance without bandwidth expansion. We note, however, that

when M is large, then the overall performance improves only slightly

as the ‘saved’ parity energy is distributed among a large k = log2 M

bits of the information symbols.
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Figure 6.5: The performance of PAD on QAM-16 in terms of bit error probability Pb.
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Fig. 6.5 demonstrates the performance of PAD combined with QAM-

16. The figure shows a gain of more than three dB at BER 10−5. This

gain comes at a very modest computational cost compared to tradi-

tional coding techniques. Fig. 6.6 demonstrates similar gains when

QAM-64 is used for modulation.

While PAD can be used as a stand alone ECC for systems with low

computational power, it can also be used in conjunction with Turbo

codes where hard decision are made at the receiver at the symbol’s

level. PAD then improves the performance of the hard decision before

passing the output to a MAP decoder for further processing. Fig. 6.7

shows the performance of hard decision Turbo codes embedded on

QAM-16.
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Figure 6.7: The performance of symbol hard decision with Turbo codes on QAM-16.



Chapter 7

Conclusion

The research reported in this dissertation involves using parity bits

in decision making at the receiver of a communication system rather

than using them for error correction, though, ultimately, it leads to

reducing the error rate. The proposed method can be used on its

own in many communication applications. However, it is used in this

research in conjunction with Turbo codes to assist in mapping binary

bits into QAM symbols. At the transmitter, the structure is similar to

a semi-soft mapper described in Chapter 5, but it includes an added

parity generator. The structure at the receiver, however, is completely

different. The following section summarizes the semi-soft mapping

technique and shows its limitations. That is followed by a summary

of the PAD. Finally, suggestions for future research aimed at further

improvement of the performance are suggested in section 7.3.

99
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7.1 Turbo codes with QAM signaling

Turbo codes have established themselves as very powerful error cor-

recting codes over AWGN channels. They can also be used over

Rayleigh fading channels, albeit, they become more powerful when

combined with other techniques to combat fading. A method studied

and reported in this dissertation uses approximation functions which

maps a received symbol into individual bits while preserving as much

of the soft information as possible. These in turn are passed to a stan-

dard binary Turbo decoder like the MAP decoder or the Soft-Output

Viterbi Decoder (SOVA). This method shows substantial gains over

other error correcting code (ECC) methods while using the available

bandwidth more efficiently. Computer simulation showed as much as

6 dB gain over a Reed Solomon (RS) code of approximately the same

rate and using the same modulation for an error rate of 10−5. The

gains, however, come at an increased computational cost, especially

for large interleaver sizes. This method is also more complex than the

method described in the following section.

7.2 Parity Assisted Decoding

In standard ECC, the parity bits are used to correct errors after de-

cisions of either the soft or quantized (hard) information has been
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made by the decoder. The parity bits and the information bits are

used to correct errors. A new technique reported in this dissertation

involves sending the parity bits in a different channel and using them

to improve the decision making of the decoder. The available energy is

distributed unevenly amongst the parity and the information symbols.

Then, the parity bits are used at the receiver for assisting in decision

making, thus improving the communication reliability. The technique,

which does not require complex computations, performs well consider-

ing its simplicity. It shows a gain of about 3 dB at BER 10−5 for QAM

over AWGN. It costs about a doubling of the bandwidth if the same

bandwidth is used for both the information symbols and the parity

bits. The bandwidth expansion is only k+2
k when QAM-2k is used if

all bits, information and parity, occupy the same bandwidth.

7.3 Suggestions for Future Research

The first method of improving the communication reliability and chan-

nel utilization efficiency reported in Chapter 5 involves using binary

Turbo codes then mapping them into QAM symbols. The perfor-

mance can be improved further by working on symbol based Turbo

codes directly. The following points are suggested to improve the

Turbo coding mapping to QAM:
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1. development of efficient symbol based Turbo codes with reduced

complexity decoding algorithms,

2. development of efficient, even if not optimal, algorithms for de-

coding binary or symbol based Turbo codes,

3. improving the block-based Turbo codes and their corresponding

decoding algorithms,

4. finding Turbo codes that perform well for short interleaver sizes,

5. combining Turbo codes with MIMO systems and evaluating their

performance, and

6. improve the structure of the current Turbo codes to yield even

better performance in fading channels.

In the PAD algorithm reported in Chapter 6, the following exten-

sions can be further investigated in the future:

1. studying the performance under fast fading channels,

2. using three or four bits instead of two for the parity especially for

very large constellations, and

3. using the parity bits and the information symbols as two compo-

nents in a diversity system.



Appendix A

Simulation Environment

A.1 Number of Iterations

The simulation codes developed to carry out the simulations reported

in this dissertation, which are provided in Appendix B, were written

in a mixture of C, C++ and MATLAB. The simulations for calcu-

lating the BER in an AWGN for example were done as follows. A

bit representing the information to be transmitted is selected at ran-

dom. Then a noise sample is added. The power of the noise is varied

such that various desired SNR’s are tested. Then a detector makes a

decision as to which bit was transmitted and compares it to the trans-

mitted bit. When there is an error, an error counter is incremented.

The procedure is repeated many times and the error rate is estimated

as the ratio of the number of errors detected to the total number of

iterations.
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There are two main methods to implement the number of iterations

needed for each SNR. In the first method, the total number of itera-

tions N is fixed. The simulation is repeated N times and the number

of events (i.e., errors in this case) that occur ne are calculated. Then

the probability of error is estimated to be

P̂e =
ne

N
. (A.1)

In the second method, the simulation is repeated until ne errors

occur. With this method there is no upper bound to the total number

of iterations N for each desired SNR.

The advantage of the first method is that the total number of itera-

tions and hence the running time is known in advance. However, if N

is set too low, then one can get meaningless results. Also, setting it too

high can increase, unnecessarily, the running time of the simulation

especially for low SNR where the probability of error is high.

Stopping the simulation when there is a fixed number of errors ne

instead of fixing the total number of iterations avoids the problems

of the first method. The disadvantage here, however, is that the ex-

ecution time is not fixed for the various SNR’s and it is not known

a-priori.
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A.2 Stopping Criterion

In estimating the bit error probability, Pe, we simulate the transmis-

sion and reception of bits N times. Let the random variable Xi be 1

if an error occurs at iteration i and zero if no error occurs, i.e.,

Xi =





1, if error occurs at iteration i,

0, no error occurs.

(A.2)

Then the total number of errors ne is

ne =
N∑

i=1

Xi. (A.3)

The estimate of the probability of error is therefore given by

P̂e =
ne

N
. (A.4)

The full derivation of the total number of required iterations can be

found in [70]. It can be summarized as follows. For large N and using

the central limit theorem (CLT), P̂e will approximately be normally

distributed. The mean of P̂e given by

E{P̂e} =
1

N
E {ne}

=
1

N
E

{
N∑

i=1

Xi

}

=
1

N
NPe

= Pe. (A.5)
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The variance of P̂e can be calculated as follows.

Var(P̂e) = E{P̂ 2
e } − E{P̂e}2, (A.6)

where,

E{P̂ 2
e } = E





(
1

N

N∑

i=1

Xi

)2


 (A.7)

=
1

N 2

[
NPe + (N 2 − N)P 2

e )
]

(A.8)

≈ Pe

N
+ P 2

e . (A.9)

Therefore, the variance of P̂e is

Var(P̂e) ≈
Pe

N
. (A.10)

We are interested in the estimate P̂e to be within a small fraction β

of the actual probability of error Pe. In other words, we want

(1 − β)Pe < P̂e < (1 + β). (A.11)

Since P̂e is Gaussian, i.e., P̂e ∼ N (Pe,
√

Pe/N), the probability of it

falling in the desired accuracy is

Pdesired accuracy = 1 − 2Q

(
Pe(1 + β) − Pe√

Pe/N

)
, (A.12)

where Q() is the right tail of the standard normal distribution. The

above probability can be written as

Pdesired accuracy = 1 − 2Q
(√

β2NPe

)
. (A.13)
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For a 1 − α confidence interval we have

1 − α = 1 − 2Q
(√

β2NPe

)
, (A.14)

which yields the number of desired iterations N ,

N =
1

Pe

(
Q−1(α/2)

β

)2

. (A.15)

From (A.3)-(A.5) we can write

E{ne} = NPe (A.16)

=
1

Pe

(
Q−1(α/2)

β

)2

. (A.17)

Therefore, one needs to run the simulation until E{ne} errors occur.

Table A.1 lists the number of errors needed in the simulation to obtain

results that are within the given accuracy of the true value and with

the indicated confidence interval.

β

C.I. 10% 5% 2.5%

90% 271 1083 4329

95% 385 1537 6147

99% 503 2010 8039

Table A.1: Number of errors needed for simulation for the estimate to be within β of the true

value with the specified confidence interval C.I.
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Figure A.1: Confidence interval for a standard normal distribution

A.3 Pseudo-Random Number Generators

The performance of communications systems is usually evaluated over

a broad range of SNR’s. The bit or symbol error probability can be

very low at high SNR and especially when channel coding is used.

Error probabilities in the order of 10−7 are not uncommon. For such

small probabilities one needs to perform 109 iterations in order to

achieve 100 expected error events. Therefore, random number gener-

ators (RNG) with very large periods are needed in such simulations.

For accuracy, random number generators made by software are not
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really random as they are reproducible and can be predicted given a

large output sequence. However, for simulation purposes, they are as

useful as true number generators.

In addition to large periods, the RNG must possess the following

properties:

1. produce uniformly distributed random numbers,

2. produce seemingly “independent” numbers,

3. allow for the reproduction of the same number sequence if desired,

and

4. must be fast.

Two particular RNGs which satisfy the above as well as many other

statistical properties were used in the simulations for this research.

A.3.1 Lagged Fibonacci Generator [71]

The lagged Fibonacci generator (LFG) produces random numbers

from the modular difference equation

xi = xi−p + xi−q mod 2m, (A.18)

where q > p > 0 and m is the size of the registers xi in bits. The

parameters p and q are chosen such that the trinomial

xq + xp + 1, (A.19)
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is primitive. Such generator has a period of 2m−1(2q−1). The primitive

trinomial x1279+x418+1, for example, when used with 32-bit registers,

has a period of approximately 21310 or about 10394. That is much larger

than the requirements for many simulations.

A.3.2 Mersenne Twister [72]

Mersenne Twister (MT) is a recent RNG designed by two Japanese

scientists. It has a period of 219937 − 1 or approximately 106000 and

requires less than 625 words of memory. It is currently the de-facto

standard in many simulation environments. MT uses 19937 bits to

store its state. The algorithm cleverly passes “randomly” through all

possible states except the all zero state.



Appendix B

Source Code

B.1 qamsoft16.cpp

001 /∗

002 ∗ qamsoft16.cpp

003 ∗

004 ∗ QAM-16 with Turbo coding

005 ∗ Amer Alhabsi (alhabsi at squ dot edu dot om) May 2005

006 ∗

007 ∗

008 ∗ This file is to be used with the turbo code

009 ∗ library: libturbo.cpp

010 ∗

∗ Copyright 2005 Amer Alhabsi

011 ∗ May be used under the terms of the GNU public license

012 ∗/

013

014 #include <stdio.h>

015 #include <math.h>

016 #include <string.h>

017 #include <stdlib.h>

018 #include <limits.h>

019 #include <stdint.h>

111
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020 #include "simulation.h"

021

022 #include "libturbo.hpp"

023

024

025 #define ERRMAX 1000

026

027 #define ==1)

028 #define gen mod N(x) (int)((x)∗gen uniform())

029

030 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

031 #ifndef log2

032 #define log2(x) (log(x)/log(2.0))

033 #endif

034

035 #ifndef round

036 #define round(x) ((int)(x+0.5))

037 #endif

038

039

040 struct pts

041 {

042 double x, y;

043 double norm; //actually square of norm

044 };

045

046

047 int compare(const void ∗a, const void ∗b)

048 {

049 const struct pts ∗v1 = (struct pts ∗) a;

050 const struct pts ∗v2 = (struct pts ∗) b;

051

052 if (v1->norm > v2->norm)

053 return 1;

054 else
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054 return -1;

055 }

056

057

058 double getEtot(struct pts ∗p, int nPoints) //get Total energy Etot

059 {

060 double sum = 0.0;

061 int i;

062 for (i = 0; i < nPoints; i++) {

063 sum += p[i].norm;

064 }

065 return sum;

066 }

067

068 inline double metric(struct pts p, struct pts r)

069 {

070 double d;

071 d = (p.x - r.x) ∗ (p.x - r.x);

072 d += (p.y - r.y) ∗ (p.y - r.y);

073

074 return d;

075 }

076

077 #define MAX POINTS 4096

078 #define LARGE 1.0e10

079 #define MAX ITER 10000000

080 #define GAIN 1

081

082 #define DATAFILE "qam 2d 16gray.txt"

083

084 #define DBMIN 2.0

085 #define DBMAX 5.1

086 #define DBINC 1.0

087 #define DBINC2 0.01

088
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089 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ bits-wise ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

090 int gen interleaver(unsigned ∗a, int N, int nBitsPerSymbol)

091 {

092 int i, j, k;

093 unsigned temp;

094 unsigned ∗b;

095

096 b = (unsigned ∗) malloc(N ∗ sizeof(∗b));

097 if (b == NULL) {

098 fprintf(stderr, "not enough mem in gen interleaver() \n");

099 exit(0);

100 }

101

102 for (i = 0; i < N; i++)

103 b[i] = i;

104

105 for (i = 0; i < N; i++) {

106 j = gen mod N(N - i) + i;

107 temp = b[i];

108 b[

108 }

109

110 for (i = 0; i < N; i++)

111 a[i] = b[i];

112

113 free(b);

114 return 0;

115 }

116

117

118 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ symbol-wise ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

119 int gen interleaver2(unsigned ∗a, int N, int nBitsPerSymbol)

120 {

121 int i, j, k;

122 unsigned temp;
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123 int symbols;

124 unsigned ∗b;

125

126 symbols = N / nBitsPerSymbol;

127 b = (unsigned ∗) malloc(symbols ∗ sizeof(∗b));

128 if (b == NULL) {

129 fprintf(stderr, "not enough mem in gen interleaver() \n");

130 exit(0);

131 }

132

133 for (i = 0; i < symbols; i++)

134 b[i] = i;

135

136 for (i = 0; i < symbols; i++) {

137 j = gen mod N(symbols - i) + i;

138 temp = b[i];

139 b[i] = b[j];

140 b[j] = temp;

141 }

142

143 for (i = 0; i < symbols; i++) {

144 for (k = 0; k < nBitsPerSymbol; k++) {

145 a[i ∗ nBitsPerSymbol + k] =

146 b[i] ∗ nBitsPerSymbol + k;

147 }

148 }

149

150 free(b);

151 return 0;

152 }

153

154 int gen deinterleaver(unsigned ∗src, unsigned ∗dest, int N)

155 {

156 int i;

157
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158 for (i = 0; i < N; i++)

159 dest[src[i]] = i;

160 return 0;

161 }

162

163 #define N 16384

164 void get soft(struct pts r, double ∗b0, (r.y) - 2.0;

165 ∗b1 = fabs(r.x) - 2.0;

166 ∗b2 = -r.y;

167 ∗b3 = -r.x;

168 }

169

170

171 int main(int argc, char ∗argv[])

172 {

173

174 unsigned PI[N], PIinv[N];

175

176 double rm[N], rp1[N], rp2[N]; //received and parity recieved

177 bool bm[N], bm1[N], p1[N], p2[N], bdecoded[N];

178 int i, nErrs, rounds;

179 double snr, snrdB, sigma;

180 double rate;

181 int pow2[] =

182 { 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096,

183 8192, 16384, 32768, 65536

184 };

185

186 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

187 struct pts ∗p;

188 int ret, nPoints, m, q, f, nBitsPerSymbol, nErrors, iR, iR0, iR1,

189 j;

190 double d1, d2, d3, n, snr dB, dEtot, dEavg, dEb;

191

192 struct pts r; // recieved symbol



B.1. QAMSOFT16.CPP 117

193 double dMinDistance0, dMinDistance1, dTemp, P1, PeTh;

194

195 double cEtot, cSNtot;

196 int states, k;

197 double b0, b1, b2, b3;

198

199 // read points ------------------------------------

200 FILE ∗fs;

201 char s[1024];

202

203 states = 16;

204 seed gen rand2(NULL);

205 createencodetable(states);

206

207

208 p = (struct pts ∗) malloc(MAX POINTS ∗ sizeof(struct pts));

209

210 if (p == NULL) {

211 fprintf(stderr, "not enough memory \n");

212 exit(-1);

213 }

214

215 fs = fopen(DATAFILE, "rt");

216 if (fs == NULL) {

217 fprintf(stderr, "can’t open file <%s>\n", DATAFILE);

218 exit(0);

219 }

220

221 i = 0;

222 while (fgets(s, 1024, fs) != NULL) {

223 ret = sscanf(s, "%lf %lf", &d1, &d2);

224

225 p[i].x = d1 ∗ GAIN;

226 p[i].y = d2 ∗ GAIN;

227 p[i].norm = p[i].x ∗ p[i].x + p[i].y ∗ p[i].y; // norm^2
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228 i++;

229 if (i >= MAX POINTS)

230 break;

231 }

232 fclose(fs);

233

234 nPoints = i;

235 k = nBitsPerSymbol = round(log2(nPoints));

236

237 rate = N / (3.0 ∗ N + 4.0);

238

239 dEtot = getEtot(p, nPoints);

240 dEavg = dEtot / nPoints; //average E per symbol

241 dEb = dEavg / k; // energy per bit

242

243 fprintf(stderr, "%% Etot = %10.3f\n", dEtot);

244 fprintf(stderr, "%% Eavg = %10.3f\n", dEavg);

245 fprintf(stderr, "%% Eb = %10.3f\n", dEb);

246 fprintf(stderr, "%% Bits per symbol = %10.3f\n", log2(nPoints));

247 fprintf(stderr, "%% N = %i\n", N);

248 fprintf(stderr, "Please wait as this may take some time\n");

249

250 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

251 gen interleaver(PI, N, nBitsPerSymbol);

252 gen deinterleaver(PI, PIinv, N);

253

254 fprintf(stderr, "N=%i\n", N);

255 fprintf(stderr, "rate=%g\n\n", rate);

256

257 for (snrdB = DBMIN; snrdB < DBMAX; snrdB += DBINC) {

258

259 snr = pow(10.0, snrdB / 10.0);

260 sigma = sqrt(dEb / rate / (2.0 ∗ snr));

261 nErrs = 0;

262 printf("%5.1f ", snrdB);
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263

264 rounds = 0;

265 do {

266 rounds++;

267 for (i = 0; i < N; i++)

268 bm[i] = gen bool();

269

270

271 encode(bm, p1, N, true);

272 interleave(bm, N, PI);

273 encode(bm, p2, N, false);

274 deinterleave(bm, N, PIinv);

275

276

277 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ m ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

278 for (q = 0; q < N; q += nBitsPerSymbol) {

279 m = 0;

280 for (f = 0; f < nBitsPerSymbol; f++)

281 if (bm[q + f])

282 m += pow2[f];

283

284 n = sigma ∗ gen gauss();

285 r.x = p[m].x + n;

286

287 n = sigma ∗ gen gauss();

288 r.y = p[m].y + n;

289

290

291 r.norm = r.x ∗ r.x + r.y ∗ r.y;

292

293 //decode: find closest

294

295 get soft(r, &b0, &b1, &b2, &b3);

296

297 rm[q + 0] = b0;
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298 rm[q + 1] = b1;

299 rm[q + 2] = b2;

300 rm[q + 3] = b3;

301

302 }

303 //printf("rounds = %i \t nErrs = %i\n", rounds, nErrs);

304 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ p1 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

305 for (q = 0; q < N; q += nBitsPerSymbol) {

306 m = 0;

307 for (f = 0; f < nBitsPerSymbol; f++)

308 if (p1[q + f])

309 m += pow2[f];

310

311 n = sigma ∗ gen gauss();

312 r.x = p[m].x + n;

313

314 n = sigma ∗ gen gauss();

315 r.y = p[m].y + n;

316

317

318 r.norm = r.x ∗ r.x + r.y ∗ r.y;

319

320 //decode: find closest

321 get soft(r, &b0, &b1, &b2, &b3);

322

323 rp1[q + 0] = b0;

324 rp1[q + 1] = b1;

325 rp1[q + 2] = b2;

326 rp1[q + 3] = b3;

327 }

328

329 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ p2 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

330 for (q = 0; q < N; q += nBitsPerSymbol) {

331 m = 0;

332 for (f = 0; f < nBitsPerSymbol; f++)
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333 if (p2[q + f])

334 m += pow2[f];

335

336 n = sigma ∗ gen gauss();

337 r.x = p[m].x + n;

338

339 n = sigma ∗ gen gauss();

340 r.y = p[m].y + n;

341

342

343 r.norm = r.x ∗ r.x + r.y ∗ r.y;

344

345 //decode: find closest

346 get soft(r, &b0, &b1, &b2, &b3);

347

348 rp2[q + 0] = b0;

349 rp2[q + 1] = b1;

350 rp2[q + 2] = b2;

351 rp2[q + 3] = b3;

352

353 }

354

355 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ decode ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

356 decode(rm, rp1, rp2, N, sigma, PI, PIinv);

357

358 for (i = 0; i < N; i++) {

359 bdecoded[i] = (rm[i] > 0.0);

360 if (bdecoded[i] != bm[i])

361 nErrs++;

362 //printf("%8.1f \n", r[i]);

363 }

364 //if(rounds%100==0) printf("rounds=%i\n", rounds);

365 } while (nErrs < ERRMAX);

366 fprintf(stderr, "nErrs = %i\n", nErrs);

367 fprintf(stderr, "rounds=%i\n", rounds);
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368 printf("%g\n", (double) nErrs / (N ∗ rounds));

369

370 }

371

372 return 0;

373 }

374

375

B.2 qamsoft256.cpp

001 /∗

002 ∗ qamsoft256.cpp

003 ∗

004 ∗ QAM-256 with Turbo coding

005 ∗ Amer Alhabsi (alhabsi at squ dot edu dot om) May 2005

006 ∗

007 ∗

008 ∗ This file is to be used with the turbo code library: libturbo.cpp

009 ∗

∗ Copyright 2005 Amer Alhabsi

010 ∗ May be used under the terms of the GNU public license

011 ∗/

012

013 #include <stdio.h>

014 #include <math.h>

015 #include <string.h>

016 #include <stdlib.h>

017 #include <limits.h>

018 #include <stdint.h>

019 #include "simulation.h"

020

021 #include "libturbo.hpp"

022

023
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024 #define ERRMAX 30

025

026 #define gen bool() (gen binary()==1)

027 #define gen mod N(x) (int)((x)∗gen uniform())

028

029 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

030 #ifndef log2

031 #define log2(x) (log(x)/log(2.0))

032 #endif

033

034 #ifndef round

035 #define round(x) ((int)(x+0.5))

036 #endif

037

038

039 struct pts

040 {

041 double x, y;

042 double norm; //actually square of norm

043 };

044

045

046 int compare(const void ∗a, const void ∗b)

047 {

048 const struct pts ∗v1 = (struct pts ∗) a;

049 const struct pts ∗v2 = (struct pts ∗) b;

050

051 if (v1->norm > v2->rn -1;

052 }

053

054

055 double getEtot(struct pts ∗p, int nPoints) //get Total energy Etot

056 {

057 double sum = 0.0;

058 int i;
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059 for (i = 0; i < nPoints; i++) {

060 sum += p[i].norm;

061 }

062 return sum;

063 }

064

065 inline double metric(struct pts p, struct pts r)

066 {

067 double d;

068 d = (p.x - r.x) ∗ (p.x - r.x);

069 d += (p.y - r.y) ∗ (p.y - r.y);

070

071 return d;

072 }

073

074 #define MAX POINTS 4096

075 #define LARGE 1.0e10

076 #define MAX ITER 10000000

077 #define GAIN 1

078

079 #define DATAFILE "qam 2d 256gray.txt"

080

081 #define DBMIN 8.0

082 #define DBMAX 8.1

083 #define DBINC 1.0

084 #define DBINC2 0.01

085

086 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ bits-wise ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

087 int gen interleaver(unsigned ∗a, int N, int nBitsPerSymbol)

088 {

089 int i, j, k;

090 unsigned temp;

091 unsigned ∗b;

092

093 b = (unsigned ∗) malloc(N ∗ sizeof(∗b));
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094 if (b == NULL) {

095 fprintf(stderr, "not enough mem in gen interleaver() \n");

096 exit(0);

097 }

098

099 for (i = 0; i < N; i++)

100 b[i] = i;

101

102 for (i = 0; i < N; i++) {

103 j = gen mod N(N - i) + i;

104 temp = b[i];

105 b[i] = b[j];

106 b[j] = temp;

107 }

108

109 for (i = 0; i < N; i++)

110 a[i] = b[i];

111

112 free(b);

113 return 0;

114 }

115

116

117 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ symbol-wise ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

118 int gen interleaver2(unsigned ∗a, int N, int nBitsPerSymbol)

119 {

120 int i, j, k;

121 unsigned temp;

122 int symbols;

123 unsigned ∗b;

124

125 symbols = N / nBitsPerSymbol;

126 b = (unsigned ∗) malloc(symbols ∗ sizeof(∗b));

127 if (b == NULL) {

128 fprintf(stderr, "not enough mem in gen interleaver() \n");
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129 exit(0);

130 }

131

132 for (i = 0; i < symbols; i++)

133 b[i] = i;

134

135 for (i = 0; i < symbols; i++) {

136 j = gen mod N(symbols - i) + i;

137 temp = b[i];

138 b[i] = b[j];

139 b[j] = temp;

140 }

141

142 for (i = 0; i < symbols; i++) {

143 for (k = 0; k < nBitsPerSymbol; k++) {

144 a[i ∗ nBitsPerSymbol + k] =

145 b[i] ∗ nBitsPerSymbol + k;

146 }

147 }

148

149 free(b);

150 return 0;

151 }

152

153 int gen deinterleaver(unsigned ∗src, unsigned ∗dest, int N)

154 {

155 int i;

156

157 for (i = 0; i < N; i++)

158 dest[src[i]] = i;

159 return 0;

160 }

161

162 #define N 2048

163 void get soft(struct pts r, b2, double ∗b3,
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164 double ∗b4, double ∗b5, double ∗b6, double ∗b7)

165 {

166 double arx, ary;

167

168 arx = fabs(r.x);

169 ary = fabs(r.y);

170

171

172 if (arx < 8.0)

173 ∗b0 = fabs(arx - 4.0) - 2.0;

174 else

174 ∗b0 = fabs(arx - 12.0) - 2.0;

175

176 // ---b1 ---

177 if (ary < 8.0)

178 ∗b1 = fabs(ary - 4.0) - 2.0;

179 else

179 ∗b1 = fabs(ary - 12.0) - 2.0;

180

181 ∗b2 = -(fabs(arx - 8) - 4);

182 ∗b3 = -(fabs(ary - 8) - 4);

183

184 ∗b4 = -(arx - 8.0);

185 ∗b5 = -(ary - 8.0);

186

187 ∗b6 = r.x;

188 ∗b7 = -r.y;

189 }

190

191

192

193 int main(int argc, char ∗argv[])

194 {

195

196 unsigned PI[N], PIinv[N];
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197

198 double rm[N], rp1[N], rp2[N]; //received and parity recieved

199 bool bm[N], bm1[N], p1[N], p2[N], bdecoded[N];

200 int i, nErrs, rounds;

201 double snr, snrdB, sigma;

202 double rate;

203 int pow2[] =

204 { 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096,

205 8192, 16384, 32768, 65536

206 };

207

208 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

209 struct pts ∗p;

210 int ret, nPoints, m, q, f, nBitsPerSymbol, nErrors, iR, iR0, iR1,

211 j;

212 double d1, d2, d3, n, snr dB, dEtot, dEavg, dEb;

213

214 struct ol

215 double dMinDistance0, dMinDistance1, dTemp, P1, PeTh;

216

217 double cEtot, cSNtot;

218 int states, k;

219 double b0, b1, b2, b3, b4, b5, b6, b7;

220

221 // read points ------------------------------------

222 FILE ∗fs, ∗fd;

223 char s[1024];

224

225 states = 16;

226 seed gen rand2(NULL);

227 createencodetable(states);

228

229

230 p = (struct pts ∗) malloc(MAX POINTS ∗ sizeof(struct pts));

231
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232 if (p == NULL) {

233 fprintf(stderr, "not enough memory \n");

234 exit(-1);

235 }

236

237 fs = fopen(DATAFILE, "rt");

238 if (fs == NULL) {

239 fprintf(stderr, "can’t open file <%s>\n", DATAFILE);

240 exit(0);

241 }

242

243 i = 0;

244 while (fgets(s, 1024, fs) != NULL) {

245 ret = sscanf(s, "%lf %lf", &d1, &d2);

246

247 p[i].x = d1 ∗ GAIN;

248 p[i].y = d2 ∗ GAIN;

249 p[i].norm = p[i].x ∗ p[i].x + p[i].y ∗ p[i].y; // norm^2

250 i++;

251 if (i >= MAX POINTS)

252 break;

253 }

254 fclose(fs);

255

256 nPoints = i;

257 k = nBitsPerSymbol = round(log2(nPoints));

258

259 rate = N / (3.0 ∗ N + 4.0);

260

261 dEtot = getEtot(p, nPoints);

262 dEavg = dEtot / nPoints; //average E per symbol

263 dEb = dEavg / k; // energy per bit

264

265 fprintf(stderr, "%% Etot = %10.3f\n", dEtot);

266 fprintf(stderr, "%% Eavg = %10.3f\n", dEavg);
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267 fprintf(stderr, "%% Eb = %10.3f\n", dEb);

268 fprintf(stderr, "%% Bits per symbol = %10.3f\n", log2(nPoints));

269 fprintf(stderr, "%% N = %i\n", N);

270 fprintf(stderr, "Please wait as this may take some time\n");

271

272 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

273 gen interleaver(PI, N, nBitsPerSymbol);

274 gen deinterleaver(PI, PIinv, N);

275

276 fprintf(stderr, "N=%i\n", N);

277 fprintf(stderr, "rate=%g\n\n", rate);

278

279 for (snrdB = DBMIN; snrdB < DBMAX; snrdB += DBINC) {

280

281 snr = pow(10.0, snrdB / 10.0);

282 sigma = sqrt(dEb / rate / (2.0 ∗ snr));

283 nErrs = 0;

284 printf("%5.1f ", snrdB);

285

286 rounds = 0;

287 do {

288 rounds++;

289 for (i = 0; i < N; i++)

290 bm[i] = gen bool();

291

292

293 encode(bm, p1, N, true);

294 interleave(bm, N, PI);

295 encode(bm, p2, N, false);

296 deinterleave(bm, N, PIinv);

297

298

299 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ m ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

300 for (q = 0; q < N; q += nBitsPerSymbol) {

301 m = 0;
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302 for (f = 0; f < nBitsPerSymbol; f++)

303 if (bm[q + f])

304 m += pow2[f];

305

306 n = sigma ∗ gen gauss();

307 r.x = p[m].x + n;

308

309 n = sigma ∗ gen gauss();

310 r.y = p[m].y + n;

311

312

313 r.norm = r.x ∗ r.x + r.y ∗ r.y;

314

315 //decode: find closest

316

317 get soft(r, &b0, &b1, &b2, &b3, &b4, &b5,

318 &b6, &b7);

319

320 rm[q + 0] = b0;

321 rm[q + 1] = b1;

322 rm[q + 2] = b2;

323 rm[q + 3] = b3;

324 rm[q + 4] = b4;

325 rm[q + 5] = b5;

326 rm[q + 6] = b6;

327 rm[q + 7] = b7;

328

329 }

330 //printf("rounds = %i \t nErrs = %i\n", rounds, nErrs);

331 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ p1 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

332 for (q = 0; q < N; q += nBitsPerSymbol) {

333 m = 0;

334 for (f = 0; f < nBitsPerSymbol; f++)

335 if (p1[q + f])

336 m += pow2[f];
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337

338 n = sigma ∗ gen gauss();

339 r.x = p[m].x + n;

340

341 n = sigma ∗ gen gauss();

342 r.y = p[m].y + n;

343

344

345 r.norm = r.x ∗ r.x + r.y ∗ r.y;

346

347 //decode: find closest

348 get soft(r, &b0, &b1, &b2, &b3, &b4, &b5,

349 &b6, &b7);

350

351 rp1[q + 0] = b0;

352 rp1[q + 1] = b1;

353 rp1[q + 2] = b2;

354 rp1[q + 3] = b3;

355 rp1[q + 4] = b4;

356 rp1[q + 5] = b5;

357 rp1[q + 6] = b6;

358 rp1[q + 7] = b7;

359 }

360

361 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ p2 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

362 for (q = 0; q < N; q += nBitsPerSymbol) {

363 m = 0;

364 for (f = 0; f < nBitsPerSymbol; f++)

365 if (p2[q + f])

366 m += pow2[f];

367

368 n = sigma ∗ gen gauss();

369 r.x = p[m].x + n;

370

371 n = sigma ∗ gen gauss();
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372 r.y = p[m].y + n;

373

374

375 r.norm = r.x ∗ r.x + r.y ∗ r.y;

376

377 //decode: find closest

378 get soft(r, &b0, &b1, &b2, &b3, &b4, &b5,

379 &b6, &b7);

380

381 rp2[q + 0] = b0;

382 rp2[q + 1] = b1;

383 rp2[q + 2] = b2;

384 rp2[q + 3] = b3;

385 rp2[q + 4] = b4;

386 rp2[q + 5] = b5;

387 rp2[q + 6] = b6;

388 rp2[q + 7] = b7;

389

390 }

391

392 //∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ decode ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

393 decode(rm, rp1, rp2, N, sigma, PI, PIinv);

394

395 for (i = 0; i < N; i++) {

396 bdecoded[i] = (rm[i] > 0.0);

397 if (bdecoded[i] != bm[i])

398 nErrs++;

399 //printf("%8.1f \n", r[i]);

400 }

401 //if(rounds%100==0) printf("rounds=%i\n", rounds);

402 } while (nErrs < ERRMAX);

403 fprintf(stderr, "nErrs = %i\n", nErrs);

404 fprintf(stderr, "rounds=%i\n", rounds);

405 printf("%g\n", (double) nErrs / (N ∗ rounds));

406 fd = fopen("th results partial.txt", "a");
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407 fprintf(fd, "%i \t %i \t %g \t %i \t %i \n", nPoints, N,

408 snrdB, nErrs, rounds);

409 fclose(fd);

410 }

411

412 return 0;

413 }

414

415
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