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1. INTRODUCTION 

This  paper is addressed to the following problem: Given a set of nodes P, -- 
(x,,y,,  z,) arbitrari ly distr ibuted on the surface of the uni t  sphere S -- {(x,y, z) 
R3:x  2 + y2 + z ~ = 1}, with corresponding data values w,, i - 1, . . . .  N, construct  
a C 1 function F defined on S tha t  interpolates the data; tha t  is, 

F (P , )  = w, for i =  1 . . . . .  N. 

This  problem arises in a variety of fields with the data  typically represent ing 
some physical phenomenon,  such as temperature ,  rainfall, or elevation, observed 
at various points on the surface of the earth. It  is often impractical to obtain 
data at all of  the points at  which values are desired, thus necessitating an 
approximation technique such as interpolation. It  should be noted tha t  a smooth- 
ing technique is more appropriate when significant errors are present  in the data. 
Tha t  problem is not  t reated here. 

When  the data are confined to a sufficiently small region, the problem becomes 
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that of bivariate interpolation for arbitrarily distributed points in the plane. This 
problem has received a great deal of attention in recent years. See, for example, 
[1], [4], [7], [8], and [10]. Franke [5] has published an extensive survey of 
methods for treating this problem. These methods, however, cannot be applied 
to data distributed over the entire globe, and, with the exception of Lawson's 
recent work [6] and that of Wahba [12], the sphere-interpolation problem has 
largely been neglected in the literature. 

This paper serves as an introduction to a software package that conforms to 
the PFORT [11] subset of the 1966 American National Standard FORTRAN 
[2]. The solution technique described here is an extension of the bivariate 
interpolation method discussed in [4] and [10]. It consists of the following three 
steps: 

(1) Partition the convex hull of the set of nodes into spherical triangles by 
connecting the nodes with geodesics. 

(2) Estimate a gradient vector at each node P~ using the data values on either a 
set of nearby nodes (a local method) or all of the nodes (a global method). 

(3) For an arbitrary point P in the convex hull of the set of nodes, determine 
which triangle contains P, and compute an interpolated value at P using the 
data values and gradient estimates at each of the three vertices of the triangle. 
Capability of extrapolation for a point outside of the convex hull is also 
provided. 

These three steps are discussed in Sections 2, 3, and 4, respectively. Section 5 
presents test results. 

The following notation will be used throughout this paper. For V1, 112, V3 E 
R 3, I V11 denotes the magnitude of V1; (V1, V2) denotes the inner product of V1 
and V2; VR x V2 denotes the vector cross product; and det(V1, V2, V3) denotes 
the determinant whose columns are the vectors V1, V2, and V3. Thus, for V~ = 
(x~,y~,z~), i = 1,2,3, 

I V1] = x/x~ + y~ + z~, 

(V1, V2> = xlx2 + yly2 + zlz2, 

l Ylz2 - Y2Zl~ 
v l  x v2 = lX2Z,  xlz  l = x v l ,  

I ! 
\xly2 x2yl] 

and 

ii x2 det(V1, V2, V3) = Yl Y2 

Z2 

Note that for P, Q E S, we have 

IPI  = 1, <P,Q> = cos(a), and IP  x QI = sin(a), 

where a denotes the angle between P and Q (treating P and Q as vectors) or the 
arc length of the geodesic joining P and Q (treating P and Q as points) measured 
so as to be in the range [0, 7r]. 
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2. TRIANGULATION 

Reference [4] describes the theoretical background and a software package for 
constructing a Thiessen triangulation of points in the plane. A Thiessen trian- 
gulation is one that is as nearly equiangular as possible in a certain sense, and is 
thus appropriate for a local triangle-based interpolation method. Most of the 
theoretical results presented in [4] may be extended to the sphere triangulation 
with only minor modifications to the definitions; for example, "line segment" 
must be replaced with "geodesic." The remainder of this section discusses those 
aspects of the sphere triangulation that differ significantly from the planar case. 

Consider the following relationships among the humbers of nodes N, boundary 
nodes Nb, triangles Nt, and arcs (triangle sides) N,  in a planar triangulation: 

N t = 2 N - N b - 2 ,  

N a = N t + N - I = 3 N - N b - 3 ,  

and 

3<Nb<_N. 

These relationships remain valid for a sphere triangulation of nodes restricted to 
a single hemisphere. If the nodes are not contained in a single hemisphere, 
however, their convex hull is the entire surface; that is, the triangulation covers 
S. In that case, we have 

N t = 2 N - 4 ,  

N a = N t + N - 2 = 3 N - 6 ,  

and 

N b = 0 .  

To verify these equations, one of the triangles may be treated as the exterior of 
the triangulation resulting in the same topological properties as a planar trian- 
gulation having three boundary nodes. Then Nt becomes 2N - 5, Na remains 
3N - 6, and Nb = 3. These relationships agree with those for the planar case. 

The data structure used for the planar triangulation is again employed here. It 
consists of an adjacency array IADJ containing the sequentially ordered set of N 
neighbor lists and an array IEND of pointers to the ends of each list in IADJ. 
The neighbor list for each node consists of the indices of the counterclockwise- 
ordered set of neighbors of the node, with 0 at the end of each list that is 
associated with a boundary node. The storage requirement for this data structure 
is less than 7N locations. 

The planar triangulation proaedure consists of constructing a sequence of 
Thiessen triangulations by initializing the data structure with the first three 
nodes (assumed noncollinear) and adding the remaining nodes, one at a time. If 
a new node to be added is contained in a triangle, it is connected to the three 
vertices; otherwise, it is connected to a sequence of visible boundary nodes--  
those to which it can be connected without intersecting a triangulation arc. The 
resulting mesh is then optimized by applying swaps, which are defined below. 
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Fig.  1. S w a p  a p p l i e d  to  a n  i n t e r m r  arc.  

V 3 

To extend this procedure to the sphere, it is only necessary to detect and treat 
the special case of a new node that extends the convex hull to the entire sphere; 
that is, the case of all boundary nodes visible from a new node. This entails very 
minor modifications to the software. 

The floating-point computation consists of a LEFT test, which locates a point 
relative to a directed arc, and a swap test, which is applied to triangulation arcs 
in order to produce a Thiessen triangulation. These must be modified for the 
sphere situation. The LEFT test is considered first. 

Let V1, V2, and V3 be distinct points of S, and denote by V1 -~ V2 the geodesic 
connecting V1 and V2 and directed toward V2. Define 

V3 LEFT I/1 --. V2 <=~ det(111, V2,113) - 0. 

Note that det(V1, V2, V3) = (V1 x V2, V3) = IV1 × V21cos(a), where a is the 
angle between V3 and the normal to the plane defined by V1 and 1/2 (and the 
origin). Thus, the test determines which of the two hemispheres defined by 
V~ --. V2 contains V3. The computational requirement is nine multiplications 
and five additions. 

Let 1/1 and V2 be the endpoints of an interior arc of a triangulation, and let V3 
and V4 be the nodes opposite V1 -* V2 and 112 -*  V1, respectively; that is, 
(111, V2, Vs) and (V2, V1, Va) denote the vertices in counterclockwise order of a 
pair of adjacent triangles. The swap test applied to the interior arc is a decision 
on whether to replace the associated pair of triangles with the new triangles 
(V3, V4, V2) and (V4, V3, V1). In the planar case, the decision is to swap if and 
only if V4 is interior to the circle containing V1, V2, and V3 (see Figure 1). 

In the case of the sphere, a swap will be performed if and only if 

d e t ( V 1 -  V3, V 2 -  V3, V 4 -  V3)>  0. 

Note that V1 - V3 × V2 - V3 has direction normal to the plane of V~, V2, and 
V3. Thus, a swap is performed if and only if V4 lies above this plane (on the side 
opposite the origin). Note also that the intersection of the plane with the surface 
of the sphere is the circle containing V1, V2, and 1/3. If V4 lies above the plane, 
then its projection onto the plane is interior to this circle, and, as in the planar 
case, the new triangles resulting from a swap are necessarily well defined. The 
operation count for the swap test is 9 multiplications and 14 additions. 
ACM Transactmns on Mathematical  Software, Vol. 10, No. 4, December 1984 
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Although conceptually the same as in the planar case, the algorithm used to 
locate a point relative to the triangulation required minor modifications to ensure 
its integrity in the presence of collinearities. Lawson discusses the hazards 
associated with floating-point errors in the evaluation of determinants and 
suggests three means of avoiding them: double-precision computation, random- 
izing the order of the nodes, and truncating the nodal coordinates [6]. None of 
these techniques is entirely satisfactory, but we found it unnecessary to emplo~¢ 
them in our algorithm. The uniform distribution of nodes depicted in Figure 3 
proved to be an extreme test of the algorithm, particularly when the nodes were 
sorted before being processed. 

3. GRADIENT ESTIMATION 

Reference [10] describes two gradient-estimation procedures, one local and one 
global, for the planar interpolation problem. These methods have been extended 
to the sphere problem. As in the planar case, the global method is more efficient 
when gradient estimates are computed at all of the nodes, but the local method 
has the advantage that gradients may be computed only as needed without being 
stored. Both methods are therefore provided for in the software package. 

For a point P E S, the gradient G(P)  is assumed to be an element of R 3, which 
is orthogonal to P. Thus, G(P)  may be thought of as lying in the plane tangent 
to the sphere at P. Consider the analogous problem of interpolation of data on a 
circle centered at the origin. The interpolant may be thought of as the restriction 
of a bivariate function f (x ,  y )  to the circle. Then the restriction of the gradient 
o f / t o  the circle at some point P is the component of Vf(P),  which is tangent to 
the circle at P. 

3.1 Local Method 

The following procedure, suggested by Lawson [6], is used to estimate a gradient 
G at a node Pk: The coordinate system is rotated so that Pk becomes the north 
pole (0, 0,1); Pk and a set Sh of nearby nodes are projected orthogonally onto the 
x-y  plane (z-components in the new coordinate system are ignored); a bivariate 
quadratic is fitted in a weighted least squares sense to the data values at the 
projected nodes, interpolating the value associated with Ph at (0,0); x- and y- 
partial derivative estimates D= and D~ are computed by differentiating the 
quadratic at (0,0); and G(Pk) is obtained by rotating (Dx,Dy,0) back to the 
original coordinate system. Note that (G(Ph) ,Ph)  = O. If any of the elements of 
Sh are southern hemisphere points {have negative z-components in the rotated 
coordinate system), they are moved to the nearest point of the equator rather 
than projected orthogonally onto the x-y  plane. 

The rotation is defined as a rotation about the x-axis followed by a rotation 
about the y-axis: 

U = _ (o o :/(i  o o) 
1 Cx -s= 

\ sy 0 cy / sx cx 
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where 

Cy = y~ + z~ , 

{ z2 if c y ~ O ,  
Cx = Cy 

1 if Cy = 0, 

It is easily verified that 

and 

Sy ~ Xk, 

U yk = 

Zk 

if Cy¢0 ,  

if cy=O.  

Since U is orthogonal, its inverse is given by its transpose. 
The weighted least squares fit of a quadratic to data values at nearby nodes 

has been used to estimate partial derivatives for the planar interpolation problem 
[7, 10]. Lawson suggests weighting all nodes equally, and taking Sh to be the 
neighbors of Ph along with as many additional nodes as are necessary so that Sk 
has at least six elements. We obtained better results with a method analogous to 
the procedure described in [10]. That  procedure was found to produce superior 
accuracy when compared with a number of alternatives and is evidently effective 
for the sphere problem as well. 

The method is defined as follows: For each node P, E Sk, let d, denote the 
Euclidean distance between the projections of P, and Pk onto the plane; that is, 

where P~ = (~,3)~,2,) in the rotated coordinate system. The weight associated 
with P~ is defined by 

1 1 
where D , -  1 - 5 , .  o~, = D, Rh 

D, is an increasing function of d,, chosen for computational simplicity; Sk is taken 
to be the set of nodes P,, i ~ k, such that D,  < Rh (and thus w, > 0); and Rk is 
chosen so that, for N sufficiently large, Sk consists of the eight closest nodes to 
Pk along with all nodes that lie at the same distance as the eighth closest. This 
choice of weights can be shown to place more emphasis on the closer nodes than 
does weighting by the inverse distance function l I D s .  See [10] for details of the 
computational procedure. 

Gradient error norms, as well as interpolation errors, for data taken from a set 
of test functions are presented in Section 5. These tests were repeated with D, 
replaced by d~ in the expression for the weight 00,. This resulted in consistently, 
but only slightly larger errors in both gradient estimates and interpolated values. 
Similar results were obtained with ~ = Rk  - D , .  However, significantly larger 
errors resulted from the choices w~ = 1 and 00, = 2 - D~ (Rh replaced by its upper 
bound), indicating that variability of the radius Rk is a critical feature of the 
method. 
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3.2 Global Method 

The global gradient-estimation method consists of choosing gradients to minimize 
an approximation to the linearized curvature of the interpolant F over the convex 
hull of the nodes. Let Q denote the sum of squared L2 norms of the linearized 
curvatures of F restricted to the triangulation arcs and, for m arcs incident on 
node k, define 

Qk (G) ~ ~o" = [ F " ( ~ ) ]  2 d ~ ,  
~=1 

where G denotes the N-vector of unknown gradients, a, is the length of arc i, and 
F"(a) denotes the second derivative of F with respect to arc-length a. The 
quadratic functional Q is minimized by applying the block Gauss-Seidel method 
to the linear system defined by 

OQ OQk 
- - - 0  for k = l , . . . , N ,  

OGh OGk 

where Gh denotes G(Pk). 
This procedure is very similar to the method described in [10]. As in the planar 

case, the restriction of F to a triangulation arc is the Hermite cubic interpolant 
of the values and tangential (directional) derivatives at the endpoints of the arc 
(see Section 4), and an expression for Qh is thus easily derived. Also, since G~ is 
orthogonal to Pk, it is defined by its x- and y-components as the local coordinate 
system obtained by rotating Ph to (0, 0, 1). Thus, at the kth step of each Gauss- 
Seidel iteration, the components of the rotation are computed; a 2-by-2 linear 
system is constructed by accumulating the contributions to Qk from the neighbors 
of node k (ignoring z-components in the rotated coordinate system); the linear 
system is solved for DGx and DGy, the change in Gk; and (DGx,DGy, O) is rotated 
back to the original coordinate system and used to update Gk. 

The proof that the linear system is positive definite, and hence that the Gauss- 
Seidel method converges in the planar case, applies here as well (see [10]). The 
rate of convergence was observed to be independent of N, and the total operation 
count is therefore proportional to N. The gradients are stored in a 3-by-N array 
that was initialized to zeros in our testing. Effective convergence was achieved 
in five or six iterations for all test cases. Computation times, as well as errors, 
are presented in Section 5. 

4. C 1 INTERPOLANT 

A number of interpolation schemes that assume prescribed values and first-order 
derivatives on the boundary of a planar triangle have been developed. These 
methods have application in finite-element analysis and computer-aided geomet- 
ric design, as well as in the scattered data interpolation problem treated here. 
The methods are based on univariate interpolation along line segments interior 
to the triangle. Barnhill, Birkhoff, and Gordon first developed such methods 
using lines parallel to the triangle sides [3], and Nielson has developed methods 
for line segments joining vertices to their opposite sides [9]. 
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Lawson has extended these methods to the surface of the sphere by replacing 
the univariate interpolation along line segments by interpolation with respect to 
arc length along geodesics [6]. Our method consists of using the planar interpolant 
on the underlying planar triangle with boundary data obtained by projecting 
values and gradients onto the plane. This was found to be both more efficient 
and more accurate than Lawson's method. 

The choice of planar interpolant was found to have little effect on accuracy for 
given gradient estimates and a given method of extending the interpolant to the 
sphere. This is consistent with results observed by Franke and Nielson in the 
planar case [5]. The method used in the software package was therefore chosen 
on the basis of computational efficiency. The first subsection below presents the 
planar interpolant; the second subsection discusses interpolation along a geodesic; 
the methods for extending the planar interpolant to the sphere are described in 
the third subsection; and the final subsection is addressed to an extrapolation 
procedure. 

4.1 Interpolation on the Underlying Planar Triangle 

Let P be a point of the spherical triangle whose vertices in counterclockwise 
order are V1,172, and 173, and let P '  be the central projection (projection through 
the origin) of P onto the underlying planar triangle having the same vertices, T 
= (171, V2,113). Note that P = P ' / ]  P '  ] and boundary points of the spherical 
triangle project to boundary points of T. Denote by B~, B2, and B3 the barycentric 
coordinates of P '  with respect to T. These are defined by 

3 

B, = 1 (1) 
t = l  

and 
3 

B, V, = P ' ,  (2) 

or, equivalently, B, = A J A ,  where A is the area of T and A, is the area of the 
subtriangle (P ', V~, Vk) for 

( i , j , k )  • a E {(1,2,3), {2,3,1), (3,1,2)}. 

These coordinates may be written 

A, 2A, I V j -  P '  x Vk - -  P '  [ 

A 2A I V 2 - V l × V a - V l [  

= (P, V j - P '  × V k - P ' )  for ( i , j , k )  • a .  
(P, v 2 -  vl x v 3 -  v~) 

The last equation follows from the fact that V~ - P '  × Vh - P '  and V2 - 171 × 
173 - 171 have the same direction; that is, both are normal to the plane of T. By 
linearity and dependence of P and P ', we have 

(P, Vj × Vk) _ det(P, V~, Vk),  
B, 

SUM SUM 
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Fig. 2. Triangle T = (V~, V2, V3) and line 
defined by 171 and P '. 

V 3 

V 2 

where 

SUM - ~, det(P, Vj, Vh). 
(t,],k)Ea 

Thus, P '  need not be computed; it is only necessary to compute three determi- 
nants and normalize by their sum. 

Consider the line defined by V~ and P '. This line intersects the edge opposite 
V1 at the point 

B2 V2 + B3 V3 Q { -  
B2 + B3 

See Figure 2. The points Q~ and Q~ lying on the sides opposite V2 and V3, 
respectively, are defined similarly. The following side-vertex-based interpolant 
is due to Lawson [6]. For a bivariate function f on T, define 

3 

F ( P '  ) = Y. C,h , (P '  ), 
t ~ l  

where 

C, = BjBh for ( i , j , k )  E a 
B1B2 + B2B3 + B3B1 

and 

h , ( P ' )  = f ( Q ' )  + B,2(3 - 2B,)[ f (V , )  - f (Q[)]  

+ B,(1 - B, ) [B , (V f (V , ) ,  Q" - V,) - (1 - B , ) ( V f ( Q ' ) ,  Q: - 17,)]; 

that is, h, is the Hermite cubic interpolant of the endpoint values and directional 
derivatives of f. Note that the weights C, are not defined at the vertices where 
two of the barycentric coordinates are zero. However, with the extended definition 
F(V,) = f (V~), Lawson proves the interpolant has C 1 continuity over the triangle. 

4.2 Arc Interpolation 

An interpolated value w and gradient G at a point Q on a geodesic (such as a 
triangulation arc) may be computed from the endpoint data as follows: let 171 
and V2 be the endpoints of the arc, and let W~ and W2 and G1 and G2 be the 
associated data values and gradients, respectively. The length of the arc 
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is a = arccos(V1, V2>, but in order to avoid the nonstandard inverse cosine 
function, this is computed by 

a = 2 a r c t a n  V I +  1/2 

where 

= 2 arctan E ' 

E=-  I V , +  V2[ 2. 

The tangential  gradient components are given by 

• 1 = (G1,H x V1) and 

where 

r2 = (G2,H x V2), 

Note tha t  H is the uni t  normal to the plane containing the geodesic, and H × V, 
is the uni t  tangent  to the geodesic at  V,, for i = 1,2. Using the expression 
H x V ~  = ( 1 / 2  - ( V1, V2> V~)/sin(a) and the fact tha t  G~ is orthogonal to 1/1, the 
computation is simplified to 

Similarly, 

(G1, V2> 

~1 = sin(a) 

-(G~, 111> 
r2 - sin(a) 

Define 

Ol 
a = arccos(V~,Q>, s - - ,  and t = 1 - s. a 

Then,  using Hermite cubic interpolation, the interpolated value at Q is 

w = (2s + 1)t2W1 + (3 - 2s)s2W2 + s t (¢ l t  - r2s)a, 

and the tangential  gradient component  at  Q is given by 

dw 6 s t ( W 2 -  W1) 
r = - -  = + (1 - 3s) tr l  + (3s - 2)st2. 

da a 

These expressions are easily shown to interpolate the endpoint  data. The normal 
gradient component  is obtained by linear interpolation: 

= t(G1,H> + s(G2,H>. 

Finally, the gradient at  Q is 

G(Q) = T(H x Q) + ~H. 
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4.3 Extension to the Sphere 

The planar interpolant F defined in the first subsection can be extended to the 
surface of the sphere as follows: for i = 1, 2, 3, let Q, denote the central projection 
of Q" onto the arc opposite V,; that is, Q, = Q'/[  Q[ [. The arc interpolation 
procedure is used to obtain a value w and gradient G at Q,. Lawson's method 
consists of replacing the partial interpolants h, by Hermite cubic arc interpolation 
between V, and Q,, and thus requires six arc interpolations. 

Our method takes the interpolated value at P to be F ( P '  ) with f(Q" ) = w and 
Vf(Q: ) = roG/[ Q" [, where ~ro is the orthogonal projection onto the plane of T; 
that is, 

1to = I - DD T, 

where I is the 3-by-3 identity matrix, D is the unit normal to the plane of T, and 
D w denotes the transpose of D. To prove that this method has C 1 continuity, it 
suffices to show that the gradient of F at P = Q, is equal to G, since continuity 
of values and gradients across triangle boundaries then follows from the fact that 
w and G depend only on the endpoint data. 

At P = Q,, Q: = P '  and OF/OP' = V f ( P ' )  = 7roG/[ P '  [ by the interpolatory 
properties of F. Thus, the gradient of F at P is 

O--fi=\OP/ OP; = \ o P /  IP'l  

where the Jacobian transformation is given by 

O p = l P ' l  I (P,D)/  

Hence, 

- ~  = I -  (I - DDT)G 
( P , D ) /  

( D : ~ )  (P ,D)DD T 
= I - DD w (P,D-----~ + G 

/ 

Dp  w \ = ( I -  (P,D}) G 
= G  

since ( P, G ) = O. 
Since V/(Q" ) appears only in an inner product with a vector in the plane, it 

is not necessary to project G onto the plane; that is, V f ( Q ' )  is replaced by 
G/[ Q" ] in the expression for h,. 

The methods are compared for accuracy and efficiency in Section 5. 

4.4 Extrapolation 

A procedure analogous to the extrapolation method described in [10] is used to 
extend the interpolatory function lil,early beyond the triangulation boundary 
when the nodes lie in a single hemisphere. For a point P E S, exterior to the 
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triangulation, the value at P is computed as 

a(G(Q),P) 
F(P) = F(Q) + 

sin(a) 

where Q is the closest boundary point to P and a denotes the arc length between 
P and Q, assumed to lie in the range (0, Ir/2). No extrapolation is performed if P 
is not within ~r/2 radians of a boundary point. The value F(Q) and gradient G(Q) 
are computed by the arc interpolation procedure when Q lies on the interior of a 
boundary arc. Note that the unit vector directed toward P in the tangent plane 
at Q satisfies 

U= Q × (P × Q) - - P -  (P'Q>Q 
I Q x (P x Q) I sin(a) 

and thus 

<G(Q),P) 
sin(a) = (G(Q),U). 

Unless Q is a boundary node, this quantity is the normal component of the 
gradient computed by the arc interpolation. 

Q is determined by a clockwise boundary traversal for which the choice of 
triangulation data structure is very convenient. Let V1 --* 112 denote a boundary 
arc (pair of adjacent boundary nodes), and define V~ --- 112 × 171. Then 111 --* 112 
defines a great circle whose closest point to P is given by 

P - ((P, V,)/(V,,  V,,))V, 
C =  if P~+-.V,,. 

I P -  ((P,V~)/(Vn, V,))V,I 

Define 

B1 - det(P, 11., 172) and B2 - det(P, Vz, V.). 

Suppose B~ > 0 and Be > 0. Then P ~ V., det(C, 11., V2) > 0, and det(C, 171, 11.) 
> 0; that is, C lies on the interior of 111 --. V2. It follows from convexity of the 
triangulation that C = Q; and, letting Q '  denote the central projection of Q onto 
the underlying line segment, the barycentric coordinates of Q' with respect to 
this line segment are given by 

B2 
B~ = - and B2 - - -  

B1 + B2 B1 + B2" 

Thus Q'  = B1 111 + Be 112 and Q = Q ' / IQ'  I. The computation is simplified by 
the expression 

Q where Q - B1 171 +/72 112. Q-I I 
The boundary traversal begins with an arc for which B2 ~ 0 and terminates with 
B2 > 0 or when all boundary nodes have been encountered. In the latter ease, P 
is not within ~-/2 radians of a boundary point and no extrapolation is performed. 
Otherwise, B~ is computed, and its sign determines whether Q lies on the interior 
of 111 ~ 112 or coincides with 112. 
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The unnormalized coordinates may be computed from 

Sl = {P, V1) - {VI, V2){P, V2} 

and 

/~2 = {P, V2) - {VI, V2){P, V1). 

Thus, the algorithm requires only two scalar products for each boundary arc 
traversed, and is generally faster than interpolation. 

5. TEST RESULTS 

Test results were computed on the IBM 3033 at Oak Ridge National Laboratory 
(ORNL) using the optimizing FORTRAN compiler and single-precision arith- 
metic. Gradient-estimation errors and interpolation errors were computed using 
four sets of nodes, five test functions, and one set of interpolation points. CPU 
times are also tabulated. 

Three of the node sets and corresponding triangulations were obtained by 
successive refinements of the following four-node set: 

P1 = (0,0,1) 

P 2 =  ' 3 '  

and 

The first node is the north pole, and the remaining three nodes are uniformly 
distributed on a parallel of latitude chosen so that each pair of nodes is separated 
by the same arc length; that is, {P,,Pj ) = _1 for i # j ,  i,j = 1,2,3,4. The resulting 
Thiessen triangulation consists of four equilateral triangles, each with interior 
angles of 2~/3 radians and area equal to lr {triangle area is computed by 
subtracting r from the sum of the three interior angles). 

The refinement procedure consists of adding a node at the midpoint of each 
arc of the preceding triangulation. Note that, unlike refinement of a planar 
triangulation, this procedure does not result in equilateral triangles, and the 
appearance of the resulting triangulation is therefore difficult to predict (see 
Figure 3). It is easily shown that for k refinements, k _ 0, the numbers of nodes, 
triangles, and arcs are given by 

N = 2(4 k + 1), 

and 

g t  = 4 k+l, 

N a = 6 × 4  h. 
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Fig. 3. 2050-node T h i e s sen  t r iangula t ion.  

The first two node sets used in the interpolation tests were obtained by four 
refinements {N = 514) and five refinements (N = 2050). The third set of nodes 
consists of 1000 pseudorandomly generated points distributed throughout S 
{latitude and longitude were obtained by a uniform random number generator). 
Plots of two of the corresponding triangulations are depicted in Figs. 3 and 4. 
The plotting routine, which uses the DISSPLA graphics package, projects the 
visible nodes through a specified eye position onto a plane containing the origin, 
and connects the projections of adjacent nodes with line segments. A symbol is 
drawn around each node whose neighbors are not all visible, and a unit circle, 
representing the projected surface, is drawn. The eye position for the plots 
depicted was chosen to be {-50, 0, 0). 

In order to test the extrapolation procedure, a fourth set of nodes was obtained 
by ordering the 514-node set on x-components and taking the first 220 elements. 
The first 234 of the 514 nodes have negative x-components, and thus the 220- 
node triangulation nearly covers a single hemisphere. 

Data values were taken from the following five simple trivariate test functions 
f (x ,y ,z):  

1 + 2 x +  3 y + 4 z  
LINEAR F1 = 

6 
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Fig 4. 1000-node Thmssen trmngulation. 

- 1  + 2x  - 3 y  + 4 x  2 - x y  + 9 y  2 + 3 z  2 - y z  
QUADRATIC F2 = 

10 

9x  3 -- 2 x 2 y  + 3 x y  2 --  4 y  3 + 2z 8 - x y z  
CUBIC F3 = 

10 

e x + 2e  y+z 
EXP F4 - 

10 

SIN F5 = sin(x + y) + sin(xz) 

To compute gradient-estimation errors, the true gradient G(P), P E S, was 
obtained by projecting V[ onto the tangent plane at P; that  is, G ( P )  = V f  - 

( V/, P)  P. For tests made with a constant function, errors is both gradients and 
interpolated values were, as expected, close to the machine precision. These are 
not tabulated. 

Table I contains root-mean squares of Euclidean norms of gradient-estimation 
errors for both methods described in Section 3; that is, for each test function, 
method, and set of nodes, the table displays the value 

~ / 2 N 1  IE, I 2 
R =  v 
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Table I Root-Mean-Square Gradient-Estimation Errors 

Method F1 F2 F3 F4 F5 

N ffi 2050 
Global gradient estimates 0 . 0 0 1 4 0  0 . 0 0 1 8 7  0 .00311  0 . 0 0 1 0 2  0.00372 
Local gradient estimates 0.00001 0 . 0 0 1 6 9  0 . 0 0 4 7 0  0 . 0 0 0 9 0  0.00345 

N-- 1000 
Global gradient estimates 0 . 00675  0 . 0 0 9 0 7  0 . 0 1 5 0 3  0 . 0 0 5 1 0  0.01741 
Local gradient estimates 0.00016 0 . 0 0 3 4 9  0 . 0 1 0 3 6  0 . 0 0 1 8 9  0.00707 

N -- 514 
Global gradient estimates 0 . 00385  0 . 0 0 5 1 7  0 .0 0 8 7 1  0 . 0 0 2 7 7  0.01008 
Local gradient estimates 0.00014 0 . 0 0 6 5 0  0 . 0 1 8 1 9  0 . 0 0 3 4 9  0.01335 

N = 220 
Global gradient estimates 0 . 01468  0 . 0 1 8 0 0  0 . 0 1 9 3 6  0 . 0 1 0 6 4  0.02661 
Local gradient estimates 0.00134 0 . 0 0 9 9 2  0 . 0 2 2 1 0  0 . 0 0 5 8 1  0.01575 

where E= denotes the difference between the true and es t imated gradient vectors 
at node i for i = 1 , . . . ,  N. Six i terat ions were used in the global method. 

The  ratios of the errors associated with N = 514 to those with N = 2050 are 
approximately 3.9 for the local method (ignoring F1)  and 2.75 for the global 
method. These  ratios correspond to a doubling of the mesh width h and thus 
indicate errors of 0 (h 2) and O (hLS). Thus,  al though the global method  performed 
bet ter  on the 514-node set, the  local method  is generally more accurate on the 
2050-node set. However,  for the 1000-node set, while the errors in the local 
method roughly follow the pa t te rn  established by the uniform distributions, the 
global method  has substantially larger errors than  would be expected. Since the 
220-node set is a subset of the 514 nodes, the larger errors are due to the effect 
of the boundary.  This  negative effect is far more pronounced  in the case of the 
global estimates. 

Tables I I -V display root-mean-square and maximum interpolat ion errors on 
1024 uniformly distr ibuted points  in the hemisphere defined by x _ 0: a 32-by- 
32 grid with latitude uniformly distr ibuted in the range [ - ~ / 3 ,  ~/3] and longitude 
in the range [ r /2 ,  3r/2]'. The  first three  rows in each table correspond to our 
interpolat ion procedure (Method I) with different  gradients, and the fourth row 
is associated with Lawson's  6-arc method  (Method II) using our local gradient- 
est imation procedure. The  C° method consists of fi t t ing a bivariate linear funct ion 
to the three vertex data  values on each underlying planar  triangle. Extrapolat ion 
was required at  106 of the 1024 grid points  for the 220-node triangulation, and 
extrapolat ion errors are included in the error  norms in Table  V. 

Several observations may be made from the tables. Since errors in the inter- 
polant  are sometimes offset by errors in the gradients, the more accurate gradient 
estimates do not  always lead to smaller interpolat ion errors. However,  as pre- 
dicted by the gradient errors, the local method  performed bet ter  than  the global 
method  on all but  the 514-node set. We conclude tha t  the local gradient- 
est imation procedure will likely perform bet ter  when the nodal distr ibution is 
very dense, has widely varying density, or does not  cover the entire sphere. 
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Table II. Interpolation Errors for 2050-Node Set 

• 433 

Method F1 F2 F3 F4 F5 

Root-Mean-Square Errors 

True gradients 0.000040 0.000023 0.000040 0.000017 0.000059 
Global gradient estimates 0.000043 0.000038 0.000064 0.000022 0.000078 
Local gradient estimates 0.000040 0.000027 0.000058 0.000020 0.000067 
6-arc method (local gradient) 0.000280 0.000214 0.000295 0.000124 0.000391 
C O method 0.000779 0.000845 0.001180 0.000585 0.001833 

Maximum Errors 

True gradients 0.000669 0.000291 0.000858 0.000251 0.000977 
Global gradient estimates 0.000667 0.000301 0.000861 0.000255 0.000967 
Local gradient estimates 0.000669 0.000281 0.000855 0,000251 0.000952 
6-arc method (local gradient) 0.001706 0.002018 0.002590 0.000990 0.003179 
C o method 0.002179 0.004244 0.003815 0.002854 0.005959 

Table III. Interpolation Errors for 1000-Node Set 

Method F1 F2 F3 / ' 4  F5 

Root-Mean-Square Errors 

True gradients 0.000027 0.000050 0.000117 0.000036 0.000101 
Global gradient estimates 0.000287 0.000370 0.000626 0.000323 0.000810 
Local gradient estimates 0.000031 0.000156 0.000473 0.000090 0.000272 
6-arc method (local gradient) 0.000205 0.000214 0.000498 0.000131 0.000434 
C O method 0.003110 0.004179 0.005958 0.002455 0.007930 

Maxtmum Errors 

True gradients 0.000256 0.000341 0.000897 0.000552 0.001253 
Global gradient estimates 0.002117 0.001998 0.003926 0.003235 0.004906 
Local gradient estimates 0.000256 0.001601 0.002866 0.000841 0.001752 
6-arc method (local gradient) 0.001497 0.001724 0.003078 0.001051 0.003112 
C o method 0.015148 0.019706 0.033901 0.018360 0.042027 

Table IV. Interpolation Errors for 514-Node Set 

Method F1 F2 F3 F4 F5 

Root-Mean-Square Errors 

True gradients 0.000022 0.000032 0.000084 0.000021 0.000062 
Global gradient estimates 0.000091 0.000167 0.000292 0.000081 0.000277 
Local gradient estimates 0 000024 0.000198 0.000485 0.000124 0.000352 
6-arc method (local gradient) 0 000206 0.000236 0.000512 0.000149 0.000453 
C o method 0.003116 0.003334 0.004656 0.002329 0.007238 

Maxtmum Errors 

True gradients 0.000249 0.000167 0.000484 0.000151 0.000387 
Global gradient estimates 0.000419 0.000944 0.001383 0.000550 0.001386 
Local gradient estimates 0.000249 0.000889 0.001932 0.000837 0.001621 
6-arc method (local gradient) 0.001586 0.001553 0.002533 0.000946 0.002801 
C o method 0.008714 0.016642 0.016081 0.010766 0.024051 

ACM Transactions on Mathematmal Software, Vol. 10, No, 4, December 1984 



434 Robert J. Renka 

Table V. Interpolation/Extrapolation Errors for 220-Node Set 

Method F1 F2 F3 F4 F5 

Root-Mean-Square Errors 

True gradients 0.000586 0.000553 0.001762 0.000948 0.001719 
Global gradient estimates 0.001712 0.001872 0.002927 0.001255 0.003711 
Local gradient estimates 0.000494 0.000710 0.002754 0.001263 0.001765 
6-arc method (local gradient) 0.000529 0.000712 0.002755 0.001263 0.001783 
C O method 0.016078 0.017283 0.013685 0.015764 0.027269 

Maximum Errors 

True gradients 0.005868 0.0045.42 0.014525 0.010482 0.012072 
Global gradmnt estimates 0.015398 0.017387 0.023810 0.011608 0.021892 
Local gradient estimates 0.005017 0.004613 0.019081 0.012756 0.012178 
6-arc method (local gradient) 0.005017 0.004613 0.019081 0.012756 0.012178 
C o method 0.121988 0.138364 0.118831 0.128894 0.217077 

Method I was significantly more accurate than Method II (6-arc method) in 
all cases. Since the difference in accuracy increases with density of the nodal 
distribution, this result would likely be reversed on a very sparse distribution. 
The maximum errors associated with N = 220 are extrapolation errors, and since 
the same extrapolation procedure was used with both interpolants, these are 
identical for the two methods. 

The loss of accuracy in Method I resulting from gradient-estimation errors is 
insignificant for the 2050-node set. In fact, the maximum errors are smaller with 
the local gradient estimates than with true gradients. The effect of gradient 
errors is more noticeable in the cases N = 1000 and N = 514. Comparing the 
220-node set with the 514-node set, all of the methods suffer a substantial loss 
of accuracy on the smaller set. This is due to larger interpolation errors associated 
with long thin triangles near the boundary, as well as the extrapolation errors. 
The less accurate gradient estimates are of minor significance, but the C o method 
is less adversely affected by the boundary than are the other methods. For the 
uniform triangulations that  cover the sphere, errors in the C o method are 
proportional to h 2 for mesh width h, but the errors on the 1000-node set are 
larger than those associated with N = 514, indicating that  this method is more 
adversely affected by varying density than is Method I with local gradient 
estimates. 

Table VI displays CPU times in seconds for triangulation, computation of N 
gradient estimates, and interpolation or extrapolation (for N = 220) at 1024 
points. The times were obtained by averaging the results of five or more tests 
that displayed variations of at most 2 percent. 

Based on the four values of N tested, the triangulation time is proportional to 
N 4/3. The times tabulated include the time required to presort the nodes (on x- 
components) which increases the efficiency of the triangulation procedure. When 
the nodes are not presorted, the time requirements for N = 2050 and N = 514 
are 16.40 and 1.26, reflecting an operation count of O(N2). The local gradient- 
estimation time is approximately 2.20 milliseconds per node, and the global 
gradients require approximately 0.32 milliseconds per node for each iteration-- 
1.92 milliseconds per node for six iterations. 
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Table VI. CPU Times 

Procedure N - 2050 N = 1000 N = 514 N - 220 

Triangulation 3.12 1.32 0.55 0.16 
Global gradients 4.00 1.95 1.00 0.42 
Local gradients 4.48 2.18 1.14 0.49 
Method ! 0.61 0.61 0.60 0.57 
Method II 0.95 0.94 0.93 0.86 
C O interpolation 0.14 0.14 0.13 0.13 

The interpolation times include the time required to locate a point  relative to 
the triangulation, and since the search begins with one of the nodes determined 
by the previous search, the ordering associated with the uniform grid points is 
advantageous; tha t  is, a set of randomly distributed interpolation points would 
require more time. Method I is shown to be about 1.5 times as fast as Method II. 
Interpolation time is only significant when the number  of interpolation points is 
large relative to the number of nodes, but  this is usually the case in practice. 

Additional tests were conducted with a set of 1000 randomly distributed 
interpolation points. Errors and CPU times displayed the same pat terns  observed 
in the results tabulated for the uniform grid. 

The software described in this paper is currently being used at O R N L  to 
interpolate meteorological records to a uniform grid in a climate-based study of 
the role of terrestrial ecosystems in the global carbon cycle. To  the extent  tha t  
accuracy of the interpolating function could be verified, the results have exceeded 
expectations almost everywhere. However, in a few regions where there are steep 
gradients and the data are relatively sparse, the fitting function took on inappro- 
priate negative values. This problem has been corrected, at  the expense of 
continuity, by using the C o interpolant in certain triangles. A much more 
satisfactory solution would be the use of Hermite tension splines, possibly with 
automatic selection of tension factors, in place of the cubic splines. T h a t  method 
is under investigation. 
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