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The “master theorem” provides tight asymptotic bounds to recurrences of
the following form (provided they meet some conditions):

T (n) = aT (n/b) + f(n).

The general conditions are that a ≥ 1 and b > 1 are constants, and that
f(n) is an asymptotically positive function (that is, f(n) is positive for some
sufficiently large n).

Intuitively, recurrences of this form represent divide-and-conquer algorithms
which split a problem into a parts, where each part is of size n/b, and then
perform f(n) work combining the solutions.

The master theorem covers three cases:

1. If f(n) = O(nlogb a−ε) for some constant ε > 0, then T (n) = Θ(nlogb a).

2. If f(n) = Θ(nlogb a), then T (n) = Θ(nlogb a lg n).

3. If f(n) = Ω(nlogb a+ε) for some constant ε > 0, and if af(n/b) ≤ cf(n)
for some constant c < 1 and all sufficiently large n (the “regularity condi-
tion”), then T (n) = Θ(f(n)).

For this course (CSCE 2100), it is sufficient to understand how to apply the
above three cases, without knowing the technical conditions associated with the
theorem. These special conditions include the “regularity condition” stated in
Case 3 and the fact that for Case 1 and Case 3, f(n) must be polynomially
smaller or larger than nlogb a, respectively.

The basic idea behind the application of these three cases is to compare the
behavior of the function f(n) with the behavior of nlogb a. To understand where
this second function is derived from, it is helpful to visualize a “recursion tree”
where each node represents the work done by a particular iteration. At level i
of the tree, there are ai child nodes, each contributing a cost of f(n/bi). The
recursion tree bottoms out at a level of logb n, on which there are alogb n =
nlogb a nodes. Accordingly, two of the three cases correspond to the scenarios
where the work done by the algorithm is dominated by either the cost of solving
the subproblems (Case 1) or the cost of combining at the root (Case 3). Case 2
applies when the cost is evenly distributed between the two.

∗These notes are heavily based on Introduction to Algorithms, 3rd ed. by Cormen, et. al.
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